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Let G be a set and @ be a binary operation on G. The structure is a if and

only if it satisfies all the following axioms:

BVYabeG, a®beG Binary function
BVab,ceG a®b®dc)=(adb)dc Associativity
BMIneG,VaetG, adn=aandn®a =a Identity (neutral) element
BVYa€eG, dbeGCG, a®b=nandb®a =n Inverse element
Definition| ]

A group (G,D) isa if and only if:

BVabeG, a®b=b®a Commutativity FEzioe
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Let (G, D) a group where n is the identity element. It can be demonstrated that:

MaineG,Vameag, (adm=a) - (n=m) Identity uniqueness

BVabceG (a®b=nanda®c=n)—-(b=c) Inverse elements uniqueness
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Properties| ]

Let (G, D) a group where n is the identity element. It can be demonstrated that:

MaineG,Vameag, (adm=a) - (n=m) Identity uniqueness

BVabceG (a®b=nanda®c=n)—-(b=c) Inverse elements uniqueness

Example| ]
Integers with addition (Z, +) is a group.
z=1{.,—4,-3,-2,0,1,2,3,..)

n=240

.- | '+ 'fTQRCE
Computer Vision -9/93
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Let F be a set and let @, and @ be two binary operations over F.
The structure isa if and only if it satisfies the following axioms:
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Let F be a set and let @, and @ be two binary operations over F.
The structure isa if and only if it satisfies the following axioms:
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Let F be a set and let @, and @ be two binary operations over F.
The structure isa if and only if it satisfies the following axioms:

B (F,®) is a commutative group
M (F\ {n},®) is a commutative group (where n denotes the @ identity element)
BVabc€F, a@bdc)=(a@®@b)D(a®c) Distributivity

Notations| ]
W @ is called addition and 0 denotes its identity (neutral) element E5EEA ]
X e f
M ® is called multiplication and 1 denotes its identity (neutral) element X T%w
e e
E -" .*:I. :f TARCG
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The real numbers set R with classic addition + and multiplication X is a field.

Let C the complex numbers set suchasVc € C,3u,v € R, ¢ = u + vi with i* = —1

The structure (C, ®, ®) such as:

* a®b = (a, +by) + (a, + b,)i
e a®b = (ay, Xb, —a,xb,)+ (ay Xb,+a, Xby)i

is a field
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The real numbers set R with classic addition + and multiplication X is a field.

Let C the complex numbers set suchasVc € C,3u,v € R, ¢ = u + vi with i* = —1

The structure (C, ®, ®) such as:

* a®b = (a, + by) + (a, + b,)i
 a®b = (ay, X b, — a,xb,)+ (ay X b, +a, X by)i

is a field
+ + +
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Let F be a set. A over F is a finite tuple, denoted such as:
v=_We .,V .,0),NnEN1<i<nuv,€F
Each v; is called (or ). The number n is called of the vector.
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Definition| ]

Let F be a set. A over F is a finite tuple, denoted such as:

V=W ., V., V), NnEN1<i<nv,eF

Each v; is called (or ). The number n is called of the vector.

Example| ]
Let Z the integers.

v =(—12,1,3) is a vector on Z of size 3 that contains 3 components: -12, 1 and 3

v = (0,0,0,0) is a vector on Z of size 4 that contains 4 components, all equals to 0
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Let K = (K,®,®) be a field. A over K (or ), denoted E, is a

non-empty set of vectors of size n on K with two binary operations + and - that satisfies:
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Let K = (K,®,®) be a field. A over K (or ), denoted E, is a

non-empty set of vectors of size n on K with two binary operations + and - that satisfies:

W (E,+) is a commutative group

BvegfeEK VxeE, (a®f) x=a-x+f-x Distributivity (- on @)
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Let K = (K,®,®) be a field. A over K (or ), denoted E, is a
non-empty set of vectors of size n on K with two binary operations + and - that satisfies:

W (E,+) is a commutative group

BVe,fEK VXxEE, (a®f) x=a-x+f-x Distributivity (- on @)
BVa€eK Vx,yeEE, a-(x+y)=a-x+a-y Distributivity (- on +)
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Let K = (K,®,®) be a field. A over K (or ), denoted E, is a
non-empty set of vectors of size n on K with two binary operations + and - that satisfies:

W (E,+) is a commutative group

BvVa feEK Vx€E, (a®f) x=a-x+f-x Distributivity (- on @)
BvVaeK Vx,y€E, a-x+y)=a-x+a-y Distributivity (- on +)
BVa,fEK Vx€E, a-(B-x)=(®B) -x Compatibility

WVx €E, n-x =x,wherenisthe identity element of @ Identity
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allx € K is called a . The scalar set can be denoted either K or K
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Let E a vector space over the field K = (K,®,®). All v € E is called a vector on K and
allx € K is called a . The scalar set can be denoted either K or K

Notations| ]

When dealing with group, field or vector space, operations can share the same
denotation with respectively 4+ for the addition and - for the multiplication. The nature of
the underlying operation is given by the context and the operands nature.

M Foragroup, G(B) = G(+) M For afield F(®,®) = F(+,)
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Let E a vector space over the field K = (K,®,®). All v € E is called a vector on K and
allx € K is called a . The scalar set can be denoted either K or K

Notations| ]

When dealing with group, field or vector space, operations can share the same
denotation with respectively 4+ for the addition and - for the multiplication. The nature of
the underlying operation is given by the context and the operands nature.

M Foragroup, G(B) = G(+) M For afield F(®,®) = F(+,)

Concision[]

The multiplication operator can be writing in a concise way witha - b = ab
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Let R the field of real numbers. The structure E that contains all the vectors of size n on
R and the binary operations + and - such as:

Vu,v€EE, u+v=_~0U+vq..,u +v,..,u, +v,)
VeeER, VUEE, a-u=(a-uq..,a Uj,..,a Uy

Is a vector space
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Let R the field of real numbers. The structure E that contains all the vectors of size n on
R and the binary operations + and - such as:

Vu,v €EE, u+v=_~04 +vq..,U +0;,..,u, +1v,)
VeeER, VUEE, a-u=(a U .., a U,..,a Uy)

Is a vector space

+ F +
Binary operations are different
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Let R the field of real numbers. The structure E that contains all the vectors of size n on
R and the binary operations + and - such as:

Vu,v €EE, u+v=_~04 +vq..,U +0;,..,u, +1v,)
Va €ER, Yu €E, au = (auy, ..., au, ..., auy)

Is a vector space Concise writing
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Let R the field of real numbers. The structure E that contains all the vectors of size n on
R and the binary operations + and - such as:

Vu,v €EE, u+v=_~04 +vq..,U +0;,..,u, +1v,)
Va €ER, Yu €E, au = (auy, ..., au, ..., auy)

Is a vector space

Definition| ]
Let E a vector space of size n over the field K. The identity (neutral) element for the
binary operation + is called and is denoted /. The value for all components

of O is the identity element of the addition for K. More formally:
OE — (O, . 0, O)
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Let E be a vector space over the field K and let V € E be a finite subset of vectors such
as V={vy,..,v, ., v}, 1<i<m. A of V, denoted TS

defined such as:
LV)=av++av;+ -+ a,v, EK
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Let E be a vector space over the field K and let V € E be a finite subset of vectors such
as V={vy,..,v, ., v}, 1<i<m. A of V, denoted TS

defined such as:

LV)=av++av;+ -+ a,v, EK

Example| ]
Let E be a vector space over the field R and let IV € E be a finite subset such as:
V={v1,v2}withv1 = (3,5, )andvz = (0,8,—2)

The vectoru = 2v, + 5v, = (2-3,2 - )+(5 ,5:85- )
—(6108)+(O40 10)—(650 —2)

Is a linear combination of v; and v,.
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Let E be a vector space over the field K and let V € E be a finite subset of vectors such
asV ={v,..,v;,..,v,},1 <i < m.The vectors from V are if and

only if:

m

L(V) =Zaivi =OE—>Vi,1SiSm,ai =0
=1

The only way to have a linear combination of vectors that is
equal to the null vector is to have all the scalars setto 0

Computer Vision -34 /93
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Let E be a vector space over the field K and let V € E be a finite subset of vectors such
asV ={vq, ...,V ..., v}, 1 < i < m.The vectors from I are if and
only if: .
L(V) =Zaivi = OE - Vi,1<1 Sm,ai =0

i=1

Example| ]

Let E be a vector space over the field R and let IV € E be a finite subset such as
V ={vy,v,} withv; =(3,0,0) and v, = (0,1, 1).

Computer Vision -35/93
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Let E be a vector space over the field K and let V € E be a finite subset of vectors such
asV ={vq, ...,V ..., v}, 1 < i < m.The vectors from I are if and
only if: .
L(V) =Zaivi = OE - Vi,1<1 Sm,ai =0

i=1

Example| ]

Let E be a vector space over the field R and let IV € E be a finite subset such as
V ={vy,v,} withv; =(3,0,0) and v, = (0,1, 1).

We have L(V) = av, + Bv, = (32,0,0) + (0,8,8) = Ba, B, B)
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Definition| ]
Let E be a vector space over the field K and let V € E be a finite subset of vectors such
asV ={vq, ...,V ..., v}, 1 < i < m.The vectors from I are if and
only if: .
L(V) =Zaivi = OE - Vi,1<1 Sm,ai =0
i=1
Example| ]

Let E be a vector space over the field Rand let V € E be a finite subset such as
= {v,,v,} withvy = (3,0,0) and v, = (0,1, 1).
We have L(V) = av, + Bv, = (32,0,0) + (0,8,8) = Ba, B, B)

As there is no scalar @ # 0 and £ # 0 that satisfy av; + fv, = O = (0,0,0),
vectors v; and v, are linearly independent.
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Let E be a vector space and let S € E be a finite subset of vectors such as
S={sy,.,Sy.,Suh1<i<m.ThesetSisa of E is it satisfies:
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Let E be a vector space and let S € E be a finite subset of vectors such as
S={sy,.,Sy.,Suh1<i<m.ThesetSisa of E is it satisfies:

M All the vectors from S are linearly independent
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Let E be a vector space and let S € E be a finite subset of vectors such as
S={sy,.,Sy.,Suh1<i<m.ThesetSisa of E is it satisfies:

M All the vectors from S are linearly independent

m

BvveEv=L(S) = z a;s; Space spanning
i=1

All the vector of E are the result of a linear combination of
the vectors of S
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Definition| ]
Let E be a vector space and let S € E be a finite subset of vectors such as
S={sy,.,Sy.,Suh1<i<m.ThesetSisa of E is it satisfies:

M All the vectors from S are linearly independent

m

BvveEv=L(S) = z a;s; Space spanning
i=1

Example]| ]

Let E be a vector space over R that contains vectors with a size of 3. The set
S ={s4,5,,53 }withs; =(1,0,0), s, = (0,1,0) and s3 = (0,0,1) is a basis of E
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Let E' a vector space with a basis B = {b4, ..., b;, ..., b,,}. The decomposition of all vector
v € E with respect to B is unique. More formally:

n n
Vu,vEE,u:Zaibi and v:zaibiﬁu=v

=1 =1
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Let E' a vector space with a basis B = {b4, ..., b;, ..., b,,}. The decomposition of all vector
v € E with respect to B is unique. More formally:

n n
Vu,vEE,u:Zaibi and v:zaibiﬁu=v

=1 =1
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Let E be a vector space. All basis S of E have the same cardinality, denoted n, that is
called of the vector space (Steinitz exchange lemma).
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Let E be a vector space. All basis S of E have the same cardinality, denoted n, that is
called of the vector space (Steinitz exchange lemma).
Notation
A vector space of n over the field K can be denoted
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Definition| ]

Let E be a vector space. All basis S of E have the same cardinality, denoted n, that is

called of the vector space (Steinitz exchange lemma).

Notation

A vector space of n over the field K can be denoted

Dimension - Size

All the vectors of a vector space K™ have a size of n (Steinitz exchange lemma)
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Representing space

Physical spaces can be represented using vector spaces

1 dimension

.
o
.
S
K
.
o
K
o
S

o
K
.
o
o
S
o
.
S
o
.
S
o
.
o
-
S
o
.
S
o
.
o
o
o
o
-
S
o
.
S
o
S

Computer Vision -47 /93



UNIVERSITE DE
Computer Vision / Representing space TOULON

Representing space

Physical spaces can be represented using vector spaces

1 dimension

.
o
.
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K
.
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K
o
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Vector space K
0 = (0), basis {u}
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Representing space

Physical spaces can be represented using vector spaces

1 dimension

.
o
.
S
.
-
.
o
K
o
S

A point P can be assimilated to a vector p

Vector space K
0 = (0), basis {u}
P=p, p=au
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Representing space

Physical spaces can be represented using vector spaces

1 dimension 2 dimensions

------------------------------------------------------------------------

Vector space K
= (0), basis {u}
P=p, p=au
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Representing space

Physical spaces can be represented using vector spaces

1 dimension 2 dimensions

.
o
.
S
.
-
.
o
K
o
S

P
u/' =
0 o
Vector space K Vector space K?
= (0), basis {u} 0 = (0,0), basis {u, v}
P = D, P =au
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Representing space

Physical spaces can be represented using vector spaces

1 dimension 2 dimensions

A point P can be

.
o
.
S
K
.
o
K
o
S

Ap assimilated to a vector p
e :
Op 0g
Vector space K Vector space K*
= (0), basis {u} 0 = (0,0), basis {u, v}
P=p p=au P=p
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Representing space

Physical spaces can be represented using vector spaces

1 dimension 2 dimensions

.
o
.
S
.
-
.
o
K
o
S

P
e
Op
Vector space K Vector space K?
0 = (0), basis {u} 0 = (0,0), basis {u, v}
P=p, p=au P=p, p=au+fv
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Representing space

Physical spaces can be represented using vector spaces

1 dimension 2 dimensions 3 dimensions
3 ; w
-
7 p P
4 A~
0, u pv
Vector space K Vector space K? Vector space K3
0 = (0), basis {u} 0 = (0,0), basis {u, v} 0 = (0,0,0), basis {u, v, w}
P=p, p=au P=p, p=au+fv P=p, p=au+fv+yw
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RePresenting space Infinity of representations
Physical spaces can be represented using vector spaces for a given dimension
1 dimension 2 dimensions 3 dimensions
: ; w
-
7 p p
s o
0, u pv
Vector space K Vector space K* Vector space K3
0 = (0), basis {u} 0 = (0,0), basis {u, v} 0 = (0,0,0), basis {u, v, w}
P=p, p=au P=p, p=au+fv P=p, p=au+fv+yw
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Definition| ]

Let E be a vector space over IK with a finite dimension n, let B = {b4, ..., b;, ..., b} be a

basis of E. All vector v € E are such thatv = a1b; + -+ a;b; + -+ a,b,,, a; € K. We
call of v the tuple . Each value «; is called the of

index i.
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Definition| ]

Let E be a vector space over IK with a finite dimension n, let B = {b4, ..., b;, ..., b} be a

basis of E. All vector v € E are such thatv = a1b; + -+ a;b; + -+ a,b,,, a; € K. We
call of v the tuple . Each value «; is called the of

index i.

Example[ ]

Vector space K?
0 = (0,0), basis {u, v}
P=p, p=au+fv
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Definition| ]

Let E be a vector space over IK with a finite dimension n, let B = {b4, ..., b;, ..., b} be a

basis of E. All vector v € E are such thatv = a1b; + -+ a;b; + -+ a,b,,, a; € K. We
call of v the tuple . Each value «; is called the of

index i.

Example[ ]

Vector space K?

0 = (0,0), basis {u, v}

P=p, p=au+ pv (a, f) Coordinates
— __
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Definition| ]

Let E be a vector space over IK with a finite dimension n, let B = {b4, ..., b;, ..., b} be a

basis of E. All vector v € E are such thatv = a1b; + -+ a;b; + -+ a,b,,, a; € K. We
call of v the tuple . Each value «; is called the of

index i.

Example[ ]

5 Ordinate of index 1
Vector space K
0z = (0,0), basis {u, v} _— Ordinate of index 2

P=p, p=au+pfv (aB) Coordinates
N— A
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Properties| ]

Let E be a vector space over K with a finite dimension n, let B = {b4, ..., b;, ..., b,,} be a
basis of E, the coordinates of all vectors v € E are unique.

Proof: coordinates = vector decomposition
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Properties| ]

Let E be a vector space over K with a finite dimension n, let B = {b4, ..., b;, ..., b,,} be a
basis of E, the coordinates of all vectors v € E are unique.

Notation| ]

Let E be a vector space over K with a finite dimension n, let B = {b4, ..., b;, ..., b,,;} be a
basis of E, For all vector v € E the following notations are equivalent:

n
V= z aibi = V= (Ofl, e, A, ...,Ofn)
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Properties| ]

Let E be a vector space over K with a finite dimension n, let B = {b4, ..., b;, ..., b,,} be a
basis of E, the coordinates of all vectors v € E are unique.

Notation| ]

Let E be a vector space over K with a finite dimension n, let B = {b4, ..., b;, ..., b,,;} be a
basis of E, For all vector v € E the following notations are equivalent:

/vvziZ;aibi = ‘\

Vector notation Coordinates notation
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Representing space

Physical spaces can be represented using vector spaces

2 dimensions

Vector space K?
0 = (0,0), basis {u, v}
P=p
p=au+ pv=(a,p)
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Representing space

Physical spaces can be represented using vector spaces

2 dimensions

Vector space K?
0 = (0,0), basis {u, v}
P=p
p=au+ pv=(a,p)

Is there “interesting”
representations ?
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Representing space
Physical spaces can be represented using vector spaces
2 dimensions

Vector space K?
0 = (0,0), basis {u, v}

P=p _\

p=au+’3v5(a{,ﬁ) S —

Is there “interesting”
representations ?
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Definition| ]
Let E be a vector space over K of finite dimension n. We call , denoted -, the

bilinear map defined such as:

n n n

Yu,v EE;u:Z“ibi»v =Z,Bibi; u-v =Zaiﬁi
=1
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Definition| ]
Let E be a vector space over K of finite dimension n. We call , denoted -, the

bilinear map defined such as:

n n n

Yu,v EE;u:Z“ibi»v =Z,Bibi; u-v =Zaiﬁi
=1

Example] ]

Let E be a vector space over R of dimension 2 together with the dot product. Let u and v
two vectors such as u = (aq,ay) = (2,3) and v = (B4, 8,) = (4,1), we have:
2
u-v=2aiﬁi=a1ﬁ1+azﬁz =2X%X4+4+3%x1=8+3=11
i=1
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Properties| ]

Let E be a vector space over K of finite dimension n together with the dot product -. For
allvectorsu,v € E, u=(aq,..,a;...,a,), v = (81, ..., 05 ..., ), 1 <i < nwe have:
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Properties| ]

Let E be a vector space over K of finite dimension n together with the dot product -. For
allvectorsu,v € E, u=(aq,..,a;...,a,), v = (81, ..., 05 ..., ), 1 <i < nwe have:

n

Iu-v=2aiﬁiEK

i=1 - is Bilinear form

Addition and multiplication from KK
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Properties| ]

Let E be a vector space over K of finite dimension n together with the dot product -. For
allvectorsu,v € E, u=(aq,..,a;...,a,), v = (81, ..., 05 ..., ), 1 <i < nwe have:

n
Iu-v=2aiﬁi e K
i=1 - is Bilinear form
n
Iu-uzzaiai=0—>u=0E
i=1

- is Definite

a;a; =0 > a; =0andsou = (aq,...,q;, ...,a,) =(0,..,0) = 0g
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Properties| ]

Let E be a vector space over K of finite dimension n together with the dot product -. For
allvectorsu,v € E, u=(aq,..,a;...,a,), v = (81, ..., 05 ..., ), 1 <i < nwe have:

n
Iu°v=zaiﬁi € K
i=1 - is Bilinear form
n
Iu-uzzaiai=0—>u=0E
=1 - is Definite
n
T R
=1 =1 - is Positive

Computer Vision -71 /93



am UNIVERSITE DE
Computer Vision / Representing space @ L I 5 - TOULON

Properties| ]

Let E be a vector space over K of finite dimension n together with the dot product -. For
allvectorsu,v € E, u=(aq,..,a;...,a,), v = (81, ..., 05 ..., ), 1 <i < nwe have:

n
Iu°v=zaiﬁi € K
i=1 - is Bilinear form
n
Iu-u=2aicxi=0—>u=0g .'LLU—E lﬁl Zﬁlal_vu
=1 - is Definite - is Symmetric

n
Bu-u= Zoz a; = z
=1 =1
- is Positive
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Definition| ]
An , denoted or is a vector space over R of finite dimension n

together with the dot product.
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Definition| ]

An , denoted or is a vector space over R of finite dimension n
together with the dot product.

Definition| ]

Let E™ be an Euclidean space and let u € E™ a vector. The

of u, denoted
, Is defined such as:

|lull =vu-u =
\

aiz

E

=1

Computer Vision -74 /93



am UNIVERSITE DE
Computer Vision / Representing space @ L I 5 E: TOULON
Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:

by b, =0X34+2X0+0x0=0
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:

by - b, =0xXx3+2X04+0x0=0
by, b3 =3X0+0x0+0x4=0
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:

by - b, =0xXx3+2X04+0x0=0
b, b3 =3X0+0x0+0x4=0
by - b3=0X0+2Xx0+0x4=0
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:

by, b3 =3X04+0X04+0X4=0=bhb;-by Symmetry of the dot product -
bl'bg=OX0+2XO+OX4‘=OZb3‘b1
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Definition| ]
Let E™ an Euclidean space. Its basis B = {b;},1 <i <mn,is if and only if:

Vbi,bjEB,lﬁi,an, blb]=0

Example[ ]

Let E3 be an Euclidean space and let B = {by, b,, b3} its basis with b; = (0,2,0),
b, = (3,0,0) and b3 = (0,0,4). We have:

bl'bg=OX0+2XO+OX4‘=O:b3'b1

Vb;,bj € B,1 <1i,j<mn, b;-bj =0, the basis B is orthogonal.
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Representing space

Physical spaces can be represented using vector spaces

2 dimensions

Vector space K2
0. = (0,0), basis {u, v}

Of
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Representing space
Physical spaces can be represented using Euclidean spaces
2 dimensions Euclidean space E*

Vector space K? 0r = (0,0)
0 = (0,0), basis {u, v} Orthogonal basis: {u, v}
u=(2,0),v=1(0,3)

Can we go further ?

Op
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Let E™ an Euclidean space. Its basis B ={b;},1 <i <n,is if and only if B is

orthogonal and all the vectors b; € B have an Euclidean norm of 1. More formally:

Vbi,bj €EB,1< l,] < n, bi . b] =0 and ”bl” — ”b]” =1
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Definition| ]
Let E™ an Euclidean space. Its basis B ={b;},1 <i <n,is if and only if B is

orthogonal and all the vectors b; € B have an Euclidean norm of 1. More formally:

Vbi,bj €EB,1< l,] < n, bi . b] =0 and ”bl” — ”b]” =1

Definition| ]
Let E™ an Euclidean space with an orthonormal basis B = {b;},1 < i < n. Each vector of
b; € B has an Euclidean norm of 1 and is called for dimension 1.
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Let E3 be an Euclidean space and let B = {by, b,, b5} its basis with b; = (0,1,0),
b, = (1,0,0) and b3 = (0,0,1). We have:
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Example| ]

Let E3 be an Euclidean space and let B = {by, b,, b5} its basis with b; = (0,1,0),
b, = (1,0,0) and b3 = (0,0,1). We have:

bl'bz=OX1+1XO+OX0=O=b2‘b1
b, b3 =1X04+0XxXx04+0X2=0=b;-by B is orthogonal

by b3=0X0+1X0+0Xx1=0=b3-by
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Example| ]
Let E3 be an Euclidean space and let B = {by, b,, b5} its basis with b; = (0,1,0),

b, = (1,0,0) and b3 = (0,0,1). We have:
by b, =0Xx1+1X0+0x0=0=b, -b; |byll=+b b=vV02Z+12+0%2=1

by b3 =1x04+0x04+0Xx2=0=bs-b, |b,||=+/b, b, =VIZ+0Z+02=1
by bs=0X04+1Xx04+0Xx1=0=bs-b; |bs]|=+/bs b3 =vV0Z+02+12=1

b; € B have an Euclidean norm of 1
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Example| ]
Let E3 be an Euclidean space and let B = {by, b,, b5} its basis with b; = (0,1,0),

b, = (1,0,0) and b3 = (0,0,1). We have:
by b, =0Xx1+1X0+0x0=0=b, -b; |byll=+b b=vV02Z+12+0%2=1

by b3 =1x04+0x04+0Xx2=0=bs-b, |b,||=+/b, b, =VIZ+0Z+02=1
by bs=0X04+1Xx04+0Xx1=0=bs-b; |bs]|=+/bs b3 =vV0Z+02+12=1

Vbi,bj (S B,l < l,] < n, bi . b] = (0 and ”bl” — ”b]” =1

the basis B is orthonormal and by, b, and b3 are unit vectors.
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Theorem| ]

Every Euclidean space has an orthonormal basis (Gram-Schmit process)
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Theorem| ]

Every Euclidean space has an orthonormal basis (Gram-Schmit process)

Proof] ]

B Every Euclidean space E™ has an orthogonal basis (Gram-Schmit process)

B For every orthogonal basis B = {by, ..., b;, ..., b,,}, exists a linear form, denoted p,
such as:

n
bi~x

Vx € E", pr(x) =
T Lk

b;
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Representing space

Physical spaces can be represented using Euclidean spaces with orthonormal basis

Euclidean space E* 2 dimensions Euclidean space E*
OE — (010) OE — (0,0)
Orthogonal basis: {u, v} Orthonormal basis: {u, v}
u=(2,0),v=(0,3) u=(1,0),v=(0,1)
S ——
! >
Op ”
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Representing space

Physical spaces can be represented using Euclidean spaces with orthonormal basis

1 dimension 2 dimensions 3 dimensions
v ‘r AW
P
P
p pv ;
u u yYw
OE—> .P ...... 0, > u pv
Euclidean space E1, 05 = (0) Euclidean space E? Euclidean space E3
Orthonormal basis: {u} Orthonormal basis: {u,v}  Orthonormal basis: {u, v, w}
u=(1) u=(1,0),v =(0,1) u = (1,0,0),v = (0,1,0)
w = (0,0,1)
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