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Computer Vision / Representing space

Representing space

Physical spaces can be represented using Euclidean spaces with orthonormal basis

2 dimensions

P
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𝑢

𝛽𝑣

𝛼𝑢

p

0𝐸

Euclidean space 𝐸2

0𝐸 = 0,0  
Orthogonal basis: 𝑢, 𝑣
𝑢 = 2,0 , 𝑣 = 0,3

P

𝑣

𝑢

𝛽′𝑣

𝛼′𝑢

p

0𝐸

Euclidean space 𝐸2

0𝐸 = 0,0  
Orthonormal basis: 𝑢, 𝑣
𝑢 = 1,0 , 𝑣 = 0,1
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Computer Vision / Representing space

Representing space

P

𝑣

𝑢

𝛽𝑣

𝛼𝑢

2 dimensions

p

P

𝑢 𝑝 = 𝛼𝑢

1 dimension

0𝐸 0𝐸

𝑣

𝑤

P

3 dimensions

𝛽𝑣

𝛼𝑢

𝑢 𝛾𝑤

Physical spaces can be represented using Euclidean spaces with orthonormal basis

Euclidean space 𝐸1, 0𝐸 = 0  
Orthonormal basis: 𝑢
𝑢 = 1

Euclidean space 𝐸2

Orthonormal basis: 𝑢, 𝑣
𝑢 = 1,0 , 𝑣 = 0,1

Euclidean space 𝐸3

Orthonormal basis: 𝑢, 𝑣, 𝑤
𝑢 = 1,0,0 , 𝑣 = 0,1,0
𝑤 = 0,0,1
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Representing 3D space

3D space can be represented with Euclidean Space 

Vector space of dimension 3

Y

X

Z

Basis of 3 vectors denoted X, Y and Z

Computer Vision / Representing space
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Computer Vision / Referential

Representing 3D space

3D space can be represented with Euclidean Space 

Vector space of dimension 3

Y

X

Z

Basis of 3 vectors denoted X, Y and Z

dot product ∙ and cross product ×



Computer Vision  - 6 / 151

Computer Vision / Referential

Representing 3D space

3D space can be represented with Euclidean Space 

Vector space of dimension 3

Y

X

Z

Basis of 3 vectors denoted X, Y and Z

Mathematical properties

Vector orthogonality: 𝑋 ∙ 𝑌 = 𝑋 ∙ 𝑍 = 𝑌 ∙ 𝑍 = 0

Plane orthogonality: 𝑋 × 𝑌 = 𝑍 , 𝑋 × 𝑍 = 𝑌 , Y × 𝑍 = 𝑋

dot product ∙ and cross product ×
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Definition[Coordinates System]

Computer Vision / Referential

a coordinate system is a system that uses numbers, or coordinates, to uniquely
determine the position of geometric elements within a topological space.

Coordinates are expressed as tuples

Origin is tuple (0)

Y

X

Z

P

x

z

y

   

 

 

         

        

Tuple 𝑥, 𝑦, 𝑧 , Unit: meter (m)Tuple: 𝜑, 𝑟 , Unit: degree (°)

OPolar Coordinate System

Cartesian
Coordinate System

Provide unit length for all coordinates
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Computer Vision / Referential

Definition[Referential (Reference system)]

a referential (reference system) is defined by a reference frame, a coordinate system and
an origin position.

X

Y

O

Example: Image / Screen reference system

Reference Frame: X, Y (2D Euclidean space)

Coordinate system: Cartesian

Coordinate unit: 1 pixel
P

Origin O: The upper left corner

1832

346

P = (1832, 346)
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Referential (Reference system)

Computer Vision / Referential

Example: Earth-centered, Earth-fixed coordinate system (ECEF)

O: The center of mass of the Earth

Z axis: on the line from O to North Pole

X axis: in the plane of the equator

Y axis: in the plane of the equator, 
90° from X axis
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3D Positions can be represented using Cartesian Coordinates

A position is a tuple (x, y, z)

The origin of the coordinate system is denoted O

Y

X

Z

P

x
z

y

O

Computer Vision / Location

Representing 3D position

Coordinates of point P are denoted 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧

Properties

A tuple 𝑝𝑥 , 𝑝𝑦 , 𝑝𝑧 describes one and only one point

Coordinate pi of a point P is the distance between
P and its orthogonal projection onto the orthogonal plane to 
the i axis
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Representing 3D position

3D Positions can be represented as a vector

Y

X

Z

x
z

y

O

Y

X

Z

P

x
z

y

O P

𝑃 = 𝑃 − 0,0,0 = 𝑂𝑃

Computer Vision / Location

The position 𝑃 = 𝑥, 𝑦, 𝑧 of an object within a 3D space is 

equivalent to the vector 𝑂𝑃, where 𝑂 is the origin of the 
space
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Translation

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 a point and 𝛼, 𝛽, 𝛾 a vector. A translation, 
denoted 𝑇 𝛼, 𝛽, 𝛾 , is an application such as:

𝑇 𝛼, 𝛽, 𝛾 𝑃 = 𝑥𝑡, 𝑦𝑧, 𝑧𝑡

With:
𝑥𝑡 = 𝑥 + 𝛼

𝑦𝑡 = 𝑦 + 𝛽

𝑧𝑡 = 𝑧 + 𝛿

Y

X

Z

x

z

O

y

xt

zt

𝛽

𝛼

𝛿
yt
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Translation properties

Computer Vision / Translation

𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

Y

X

Z

x

z

O

y

xt

zt

𝛽

𝛼

𝛿
yt

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point, Θ = 𝛼, 𝛽, 𝛾 be a vector and 
𝑇 𝛼, 𝛽, 𝛾 be a translation: 
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Computer Vision / Translation

𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=
𝑥
𝑦
𝑧

+

𝛼
𝛽
𝛿

= 𝑂𝑃 + Θ

Y

X

Z

x

z

O

y
𝛽

𝛼

𝛿

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point, Θ = 𝛼, 𝛽, 𝛾 be a vector and 
𝑇 𝛼, 𝛽, 𝛾 be a translation: 

Translation properties
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Computer Vision / Translation

𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=
𝑥
𝑦
𝑧

+

𝛼
𝛽
𝛿

= 𝑂𝑃 + Θ

= 𝑂𝑃 + 𝑇 𝛼, 𝛽, 𝛾 𝑂

Y

X

Z

x

z

O

y
𝛽

𝛼

𝛿

Translation properties

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point, Θ = 𝛼, 𝛽, 𝛾 be a vector and 
𝑇 𝛼, 𝛽, 𝛾 be a translation: 
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Computer Vision / Translation

Y

X

Z

x

z

O

y
𝛽

𝛼

𝛿

Translation properties

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point, Θ = 𝛼, 𝛽, 𝛾 be a vector and 
𝑇 𝛼, 𝛽, 𝛾 be a translation: 

𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=
𝑥
𝑦
𝑧

+

𝛼
𝛽
𝛿

= 𝑂𝑃 + Θ

= 𝜑 𝑂𝑃 + 𝑇 𝛼, 𝛽, 𝛾 𝑂

𝜑 is the identity application: 𝜑 𝑋 = 𝑋 (linear) 



Computer Vision  - 17 / 151

Computer Vision / Translation

Translation properties

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point, Θ = 𝛼, 𝛽, 𝛾 be a vector and 
𝑇 𝛼, 𝛽, 𝛾 be a translation: 

𝑇 𝛼, 𝛽, 𝛾 𝑃 = 𝜑 𝑂𝑃 + 𝑇 𝛼, 𝛽, 𝛾 𝑂

As 𝜑 is linear, 𝑇 𝛼, 𝛽, 𝛾 is an affine application that preserve: 

Parallelism

Lengths

Angles
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑇 −𝛼, −𝛽, −𝛾 𝑄 =

𝑥𝑡 − 𝛼
𝑦𝑡 − 𝛽
𝑧𝑡 − 𝛾

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑇 −𝛼, −𝛽, −𝛾 𝑄 =

𝑥𝑡 − 𝛼
𝑦𝑡 − 𝛽
𝑧𝑡 − 𝛾

=

𝑥 + 𝛼 − 𝛼
𝑦 + 𝛽 − 𝛽
𝑧 + 𝛾 − 𝛾

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑇 −𝛼, −𝛽, −𝛾 𝑄 =

𝑥𝑡 − 𝛼
𝑦𝑡 − 𝛽
𝑧𝑡 − 𝛾

=

𝑥 + 𝛼 − 𝛼
𝑦 + 𝛽 − 𝛽
𝑧 + 𝛾 − 𝛾

=
𝑥
𝑦
𝑧

= 𝑃

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑇 −𝛼, −𝛽, −𝛾 𝑄 = 𝑃

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡

𝑇 −𝛼, −𝛽, −𝛾 𝑇 𝛼, 𝛽, 𝛾 𝑃 = 𝑃
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Translation properties

Computer Vision / Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝑄 = 𝑥𝑡 , 𝑦𝑡 , 𝑧𝑡 be the result 
of 𝑇 𝛼, 𝛽, 𝛾 𝑃 : 

𝑇 −𝛼, −𝛽, −𝛾 𝑄 = 𝑃

𝑄 = 𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

=

𝑥𝑡

𝑦𝑡

𝑧𝑡

𝑻 −𝜶, −𝜷, −𝜸 𝑻 𝜶, 𝜷, 𝜸 𝑷 = 𝑷

Translation 𝑇 𝛼, 𝛽, 𝛾 is invertible and its inverse is 𝑇 −𝛼, −𝛽, −𝛾
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Computer Vision / Translation

Translation

Let 𝑃 = 𝑥, 𝑦, 𝑧 a point and 𝛼, 𝛽, 𝛾 a vector. A translation, 
denoted 𝑇 𝛼, 𝛽, 𝛾 , is an application such as:

𝑇 𝛼, 𝛽, 𝛾 𝑃 =

𝑥 + 𝛼
𝑦 + 𝛽
𝑧 + 𝛾

Translation is an affine application

Translation is invertible and its inverse is: 

𝑇−1 𝛼, 𝛽, 𝛾 = 𝑇 −𝛼, −𝛽, −𝛾
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Representing 3D orientation

3D position is not enough to express location within 3D space

Computer Vision / Location

Two objects can share the same position but have different 
orientation

Y

X

Z

S

x

z

y

o

Y

X

Z

S

x

z

y

o
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Representing 3D orientation

Computer Vision / Location

Orientation of an object within a 3D space 

Y

X

Z

S

x

z

y

o+ + =

Z X

Y

Y

Z X

Y

X

Z

S

x
z

y

o
Y

X

Z

S

x
z

y

o

Y

X

Z

S

x
z

y

o



Computer Vision  - 27 / 151

3D orientation

Computer Vision / Location

Y

X

Z

S

x
z

y

o+ + =

Z X

Y

Y

Z X
𝜅

𝜑𝜔

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

an orientation within a 3D space can be defined by three angles (𝜔, 𝜑, 𝜅) that describe
the rotations around X, Y and Z axis, respectively.

Rotations around X, Y and Z axis are denoted 𝑅𝑥 𝜔 , 𝑅𝑦 𝜑 and 𝑅𝑧 𝜅

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅
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Computer Vision / Axes rotation

Axes rotation

Z

𝜔

Y

X

y

z

yrx

zrx

Rotation around X axis

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝜔 be an angle. The result of the 
rotation of P around X axis by 𝜔, denoted 𝑅𝑥 𝜔 , is such as:  

𝑅𝑥 𝜔 𝑃 =

𝑥
𝑦 cos 𝜔 − 𝑧 sin 𝜔

𝑦 sin 𝜔 + 𝑧 cos 𝜔

𝛼
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Computer Vision / Axes rotation

Axes rotation

X

𝜑

Z

Y

z

x

zry

xry

Rotation around Y axis

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝜑 be an angle. The result of the 
rotation of P around Y axis by 𝜑, denoted 𝑅𝑦 𝜑 , is such as:  

𝑅𝑦 𝜑 𝑃 =
𝑥 cos 𝜑 + 𝑧 sin 𝜑

𝑦

𝑧 cos 𝜑 − 𝑥 sin 𝜑
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Computer Vision / Axes rotation

Axes rotation

Y

𝜅

X

Z

x

y

xrz

yrz

Rotation around Z axis

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and 𝜅 be an angle. The result of the 
rotation of P around Z axis by 𝜅, denoted 𝑅𝑦 𝜅 , is such as:  

𝑅𝑧 𝜅 𝑃 =
𝑥 cos 𝜅 − 𝑦 sin 𝜅

𝑥 sin 𝜅 + 𝑦 cos 𝜅
𝑧
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𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆𝑦𝑎 + 𝜇𝑦𝑏 cos 𝜔 − 𝜆𝑧𝑎 + 𝜇𝑧𝑏 sin(𝜔)

𝜆𝑦𝑎 + 𝜇𝑦𝑏 𝑠𝑖𝑛 𝜔 + 𝜆𝑧𝑎 + 𝜇𝑧𝑏 cos 𝜔

Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation
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Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

Distribution

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆𝑦𝑎 + 𝜇𝑦𝑏 cos 𝜔 − 𝜆𝑧𝑎 + 𝜇𝑧𝑏 sin(𝜔)

𝜆𝑦𝑎 + 𝜇𝑦𝑏 𝑠𝑖𝑛 𝜔 + 𝜆𝑧𝑎 + 𝜇𝑧𝑏 cos 𝜔

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆𝑦𝑎 cos 𝜔 + 𝜇𝑦𝑏 cos 𝜔 − 𝜆𝑧𝑎 sin 𝜔 − 𝜇𝑧𝑏sin(𝜔)

𝜆𝑦𝑎sin(𝜔) + 𝜇𝑦𝑏sin(𝜔) + 𝜆𝑧𝑎 cos 𝜔 + 𝜇𝑧𝑏 cos 𝜔
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Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆𝑦𝑎 + 𝜇𝑦𝑏 cos 𝜔 − 𝜆𝑧𝑎 + 𝜇𝑧𝑏 sin(𝜔)

𝜆𝑦𝑎 + 𝜇𝑦𝑏 𝑠𝑖𝑛 𝜔 + 𝜆𝑧𝑎 + 𝜇𝑧𝑏 cos 𝜔

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆𝑦𝑎 cos 𝜔 + 𝜇𝑦𝑏 cos 𝜔 − 𝜆𝑧𝑎 sin 𝜔 − 𝜇𝑧𝑏sin(𝜔)

𝜆𝑦𝑎sin(𝜔) + 𝜇𝑦𝑏sin(𝜔) + 𝜆𝑧𝑎 cos 𝜔 + 𝜇𝑧𝑏 cos 𝜔

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆(𝑦𝑎cos 𝜔 − 𝑧𝑎sin(𝜔)) + 𝜇(𝑦𝑏cos 𝜔 − 𝑧𝑏sin(𝜔))

𝜆(𝑦𝑎sin 𝜔 + 𝑧𝑎 cos 𝜔 ) + 𝜇(𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔 )

Factorization
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Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆(𝑦𝑎cos 𝜔 − 𝑧𝑎sin(𝜔)) + 𝜇(𝑦𝑏cos 𝜔 − 𝑧𝑏sin(𝜔))

𝜆(𝑦𝑎sin 𝜔 + 𝑧𝑎 cos 𝜔 ) + 𝜇(𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔 )

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎

𝜆(𝑦𝑎cos 𝜔 − 𝑧𝑎sin(𝜔))

𝜆(𝑦𝑎sin 𝜔 + 𝑧𝑎 cos 𝜔 )
+

𝜇𝑥𝑏

𝜇(𝑦𝑏cos 𝜔 − 𝑧𝑏sin(𝜔))

𝜇(𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔 )

Vector 
decomposition
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𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎 + 𝜇𝑥𝑏

𝜆(𝑦𝑎cos 𝜔 − 𝑧𝑎sin(𝜔)) + 𝜇(𝑦𝑏cos 𝜔 − 𝑧𝑏sin(𝜔))

𝜆(𝑦𝑎sin 𝜔 + 𝑧𝑎 cos 𝜔 ) + 𝜇(𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔 )

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 =

𝜆𝑥𝑎

𝜆(𝑦𝑎cos 𝜔 − 𝑧𝑎sin(𝜔))

𝜆(𝑦𝑎sin 𝜔 + 𝑧𝑎 cos 𝜔 )
+

𝜇𝑥𝑏

𝜇(𝑦𝑏cos 𝜔 − 𝑧𝑏sin(𝜔))

𝜇(𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔 )

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 = 𝜆

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎sin(𝜔)

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
+ 𝜇

𝑥𝑏

𝑦𝑏 cos 𝜔 − 𝑧𝑏sin(𝜔)

𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔

Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

Factorization
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Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 = 𝜆

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎sin(𝜔)

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
+ 𝜇

𝑥𝑏

𝑦𝑏 cos 𝜔 − 𝑧𝑏sin(𝜔)

𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔

𝑅𝑥 𝜔 𝐴
𝑅𝑥 𝜔 𝐵
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𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 = 𝜆𝑅𝑥 𝜔 𝐴 + 𝜇𝑅𝑥 𝜔 𝐵

Axes rotation properties

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 be two vectors

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝜆𝐴 + 𝜇𝐵 = 𝜆

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎sin(𝜔)

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
+ 𝜇

𝑥𝑏

𝑦𝑏 cos 𝜔 − 𝑧𝑏sin(𝜔)

𝑦𝑏sin(𝜔) + 𝑧𝑏 cos 𝜔

𝑅𝑥 𝜔 𝐴
𝑅𝑥 𝜔 𝐵

The rotation 𝑅𝑥 𝜔 is a linear application 
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Axes rotation properties

Computer Vision / Axes rotation

Exercise

Demonstrate the linearity of 𝑅𝑦 𝜔 and 𝑅𝑧 𝜅
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Axes rotation properties

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝐴 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
=

𝑥𝑏

𝑦𝑏

𝑧𝑏

= 𝐵

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as
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Axes rotation properties

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝐴 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
=

𝑥𝑏

𝑦𝑏

𝑧𝑏

= 𝐵

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑏

𝑦𝑏 cos −𝜔 − 𝑧𝑏 sin −𝜔

𝑦𝑏 sin −𝜔 + 𝑧𝑏 cos −𝜔

Applying rotation of – 𝜔 to B
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Axes rotation properties

Computer Vision / Axes rotation

𝑅𝑥 𝜔 𝐴 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
=

𝑥𝑏

𝑦𝑏

𝑧𝑏

= 𝐵

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑏

𝑦𝑏 cos −𝜔 − 𝑧𝑏 sin −𝜔

𝑦𝑏 sin −𝜔 + 𝑧𝑏 cos −𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔

Replacing 
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔

Distribution
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔

Grouping
𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − sin 𝜔 sin −𝜔

Factorization
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − sin 𝜔 sin −𝜔

cos 𝑎 cos 𝑏 − sin 𝑎 sin 𝑏 = cos 𝑎 + 𝑏

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 cos −𝜔 − 𝑦𝑎 sin 𝜔 sin −𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 − 𝑧𝑎 cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + 𝑦𝑎 sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 cos −𝜔 − 𝑧𝑎 sin 𝜔 sin −𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 − 𝜔

𝑦𝑎 sin 𝜔 − 𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔

sin 𝑎 cos 𝑏 + cos 𝑎 sin 𝑏 = sin 𝑎 + 𝑏
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 cos −𝜔 + cos 𝜔 sin −𝜔

𝑦𝑎 cos 𝜔 sin −𝜔 + sin 𝜔 cos −𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝜔 − 𝑧𝑎 sin 𝜔 − 𝜔

𝑦𝑎 sin 𝜔 − 𝜔 + 𝑧𝑎 cos 𝜔 − 𝜔

𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎 × 1 − 𝑧𝑎 × 0
𝑦𝑎 × 0 + 𝑧𝑎 × 1

=

𝑥𝑎

𝑦𝑎

𝑧𝑎

cos 0 = 1, sin 0 = 0
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Axes rotation properties

Computer Vision / Axes rotation

Let 𝐴 = 𝑥𝑎, 𝑦𝑎, 𝑧𝑎 and 𝐵 = 𝑥𝑏, 𝑦𝑏 , 𝑧𝑏 such as

𝑅𝑥 𝜔 𝐴 =

𝑥𝑎

𝑦𝑎 cos 𝜔 − 𝑧𝑎 sin 𝜔

𝑦𝑎 sin 𝜔 + 𝑧𝑎 cos 𝜔
=

𝑥𝑏

𝑦𝑏

𝑧𝑏

= 𝐵 𝑅𝑥 −𝜔 𝐵 =

𝑥𝑎

𝑦𝑎

𝑧𝑎

= 𝐴

𝑅𝑥 𝜔 𝑅𝑥 −𝜔 𝐵 = 𝑅𝑥 𝜔 𝐴 = 𝐵

𝑅𝑥 𝜔 𝑅𝑥 −𝜔 𝐵 = 𝐵

The rotation 𝑅𝑥 𝜔 is invertible and its inverse is 𝑅𝑥 −𝜔
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Axes rotation properties

Computer Vision / Axes rotation

Exercise

Demonstrate the invertibility of 𝑅𝑦 𝜔 and 𝑅𝑧 𝜅
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Axes rotation

Computer Vision / Axes rotation

Let 𝑃 = 𝑥, 𝑦, 𝑧 be a point and let 𝜔, 𝜑 and 𝜅 be three angles

𝑅𝑥 𝜔 𝑃 =

𝑥
𝑦 cos 𝜔 − 𝑧 sin 𝜔

𝑦 sin 𝜔 + 𝑧 cos 𝜔
𝑅𝑦 𝜑 𝑃 =

𝑥 cos 𝜑 + 𝑧 sin 𝜑
𝑦

𝑧 cos 𝜑 − 𝑥 sin 𝜑
𝑅𝑧 𝜅 𝑃 =

𝑥 cos 𝜅 − 𝑦 sin 𝜅

𝑥 sin 𝜅 + 𝑦 cos 𝜅
𝑧

Rotation 𝑅𝑥 𝜔 , 𝑅𝑦 𝜑 and 𝑅𝑧 𝜅 are linear applications

Rotation 𝑅𝑥 𝜔 , 𝑅𝑦 𝜑 and 𝑅𝑧 𝜅 are invertible and their inverse 

are 𝑅𝑥
−1 𝜔 = 𝑅𝑥 −𝜔 , 𝑅𝑦

−1 𝜑 = 𝑅𝑥 −𝜑 and 𝑅𝑧
−1 𝜅 = 𝑅𝑧 −𝜅
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Combined rotation

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

𝑥𝑟𝑥 = 𝑥

𝑦𝑟𝑥 = 𝑦 cos 𝜔 − 𝑧 sin(𝜔)

𝑧𝑟𝑥 = 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔

𝑥𝑟𝑥𝑦 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑

𝑦𝑟𝑥𝑦 = 𝑦𝑟𝑥

𝑧𝑟𝑥𝑦 = 𝑧𝑟𝑥 cos 𝜑 − 𝑥𝑟𝑥 sin 𝜑

Computer Vision / Computation

𝑥𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥𝑦 cos 𝜅 − 𝑦𝑟𝑥𝑦 sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥𝑦 sin 𝜅 + 𝑦𝑟𝑥𝑦𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑧𝑟𝑥𝑦

𝑅𝑥 𝜔 𝑅𝑦 𝜑 ∘ 𝑅𝑥 𝜔 𝑅𝑧 𝜅 ∘ 𝑅𝑦 𝜑 ∘ 𝑅𝑥 𝜔

Functional notation 

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅 𝑅𝑧 𝜅 ∘ 𝑅𝑦 𝜑 ∘ 𝑅𝑥 𝜔
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Rotation computation

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

Computer Vision / Computation

𝑥𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥𝑦 cos 𝜅 − 𝑦𝑟𝑥𝑦 sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥𝑦 sin 𝜅 + 𝑦𝑟𝑥𝑦𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑧𝑟𝑥𝑦

𝑥𝑟𝑥𝑦 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑

𝑦𝑟𝑥𝑦 = 𝑦𝑟𝑥

𝑧𝑟𝑥𝑦 = 𝑧𝑟𝑥 cos 𝜑 − 𝑥𝑟𝑥 sin 𝜑

𝑥𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑 cos 𝜅 − 𝑦𝑟𝑥 sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑 sin 𝜅 + 𝑦𝑟𝑥𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑧𝑟𝑥 cos 𝜑 − 𝑥𝑟𝑥 sin 𝜑
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𝑥𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑 cos 𝜅 − 𝑦𝑟𝑥sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥𝑟𝑥 cos 𝜑 + 𝑧𝑟𝑥 sin 𝜑 sin 𝜅 + 𝑦𝑟𝑥𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑧𝑟𝑥 cos 𝜑 − 𝑥𝑟𝑥 sin 𝜑

Rotation computation

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

Computer Vision / Computation

𝑥𝑟𝑥 = 𝑥

𝑦𝑟𝑥 = 𝑦 cos 𝜔 − 𝑧 sin(𝜔)

𝑧𝑟𝑥 = 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔

𝑥𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 + 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 sin 𝜑 cos 𝜅 − 𝑦 cos 𝜔 − 𝑧 sin(𝜔) sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 + 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 sin 𝜑 sin 𝜅 + 𝑦 cos 𝜔 − 𝑧 sin(𝜔) 𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 cos 𝜑 − 𝑥 sin 𝜑
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Computer Vision / Computation

Rotation computation

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

𝑥𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 cos 𝜅 + 𝑦 𝑠𝑖𝑛 𝜔 sin 𝜑 cos 𝜅 + 𝑧 cos 𝜔 sin 𝜑 cos 𝜅

− 𝑦 𝑐𝑜𝑠 𝜔 sin 𝜅 + 𝑧 sin 𝜔 sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 sin 𝜅 + 𝑦 𝑠𝑖𝑛 𝜔 sin 𝜑 sin 𝜅 + 𝑧 cos 𝜔 sin 𝜑 sin 𝜅

+ 𝑦 cos 𝜔 𝑐𝑜𝑠 𝜅 − 𝑧 sin 𝜔 𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑦 𝑠𝑖𝑛 𝜔 cos 𝜑 + 𝑧 cos 𝜔 cos 𝜑 − 𝑥 sin 𝜑

𝑥𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 + 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 sin 𝜑 cos 𝜅 − 𝑦 cos 𝜔 − 𝑧 sin(𝜔) sin 𝜅

𝑦𝑟𝑥𝑦𝑧 = 𝑥 cos 𝜑 + 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 sin 𝜑 sin 𝜅 + 𝑦 cos 𝜔 − 𝑧 sin(𝜔) 𝑐𝑜𝑠 𝜅

𝑧𝑟𝑥𝑦𝑧 = 𝑦 𝑠𝑖𝑛 𝜔 + 𝑧 cos 𝜔 cos 𝜑 − 𝑥 sin 𝜑
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Computer Vision / Computation

Combined rotation

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

Rotation 𝑅𝑧 𝜅 ∘ 𝑅𝑦 𝜑 ∘ 𝑅𝑥 𝜔 is a linear application as it 

combine three linear applications

Rotation 𝑅𝑧 𝜅 ∘ 𝑅𝑦 𝜑 ∘ 𝑅𝑥 𝜔 is invertible as it combine three 

invertible applications and its inverse is 𝑅𝑥 −𝜔 ∘ 𝑅𝑦 −𝜑 ∘ 𝑅𝑧 −𝜅

𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅 =

𝑥 cos 𝜑 cos 𝜅 + 𝑦 sin 𝜔 sin 𝜑 cos 𝜅 − cos 𝜔 sin 𝜅 + 𝑧 cos 𝜔 sin 𝜑 cos 𝜅 + sin 𝜔 sin 𝜅

𝑥 cos 𝜑 sin 𝜅 + 𝑦 sin 𝜔 sin 𝜑 sin 𝜅 + cos 𝜔 cos 𝜅 + 𝑧 cos 𝜔 sin 𝜑 sin 𝜅 − sin 𝜔 cos 𝜅

−𝑥 sin 𝜑 + 𝑦 sin 𝜔 cos 𝜑 + 𝑧 cos 𝜔 cos 𝜑
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3D Location

Computer Vision / Location

a location within a 3D space is defined by a position (𝑥, 𝑦, 𝑧) and an orientation (𝜔, 𝜑, 𝜅).

Translation Rotation

𝑇 𝛼, 𝛽, 𝛿 𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅

a location within a 3D space is defined by a translation 𝑇 𝛼, 𝛽, 𝛿 and a composed
rotation 𝑅𝑥 𝜔 𝑅𝑦 𝜑 𝑅𝑧 𝜅



Computer Vision  - 60 / 151

Rigid-body Transformation

Computer Vision / Rigid-body Transformation

Rigid transformation preserve:

Parallelism

Length

A transformation F that is obtained by the composition of rotations and translations is 
called Rigid-body Transformation
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3D Transforms

Transform Computation Linearity Distances Angles

Translation Affine

Rotation Linear

Scale (uniform) Linear

Scale Linear

𝑥
𝑦 cos 𝜔 − 𝑧 sin 𝜔

𝑦 sin 𝜔 + 𝑧 cos 𝜔
 

𝛼 + 𝑥, 𝛽 + 𝑦, 𝛾 + 𝑧  

𝑥 cos 𝜑 + 𝑧 sin 𝜑
𝑦

𝑧 cos 𝜑 − 𝑥 sin 𝜑

𝑥 cos 𝜅 − 𝑦 sin 𝜅

𝑥 sin 𝜅 + 𝑦 cos 𝜅
𝑧

𝑠𝑥𝑥, 𝑠𝑦𝑦, 𝑠𝑧𝑧  

𝑠𝑥, 𝑠𝑦, 𝑠𝑧  

Computer Vision / Transformations
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Let 𝑢𝑠 = 𝑆𝑠𝑥,𝑠𝑦,𝑠𝑧
𝑢 = 𝑠𝑥𝑢𝑥, 𝑠𝑦𝑢𝑦, 𝑠𝑧𝑢𝑧  and 𝑣𝑠 = 𝑆𝑠𝑥,𝑠𝑦,𝑠𝑧

𝑣 = 𝑠𝑥𝑣𝑥, 𝑠𝑦𝑣𝑦, 𝑠𝑧𝑣𝑧  

𝑢𝑠 ⋅ 𝑣𝑠 = 𝑠𝑥𝑢𝑥 × 𝑠𝑥𝑣𝑥 + 𝑠𝑦𝑢𝑦 × 𝑠𝑦𝑣𝑦 + 𝑠𝑧𝑢𝑧 × 𝑠𝑧𝑣𝑧 = 𝑠𝑥
2𝑢𝑥𝑣𝑥 + 𝑠𝑦

2𝑢𝑦𝑣𝑦 + 𝑠𝑧
2𝑢𝑧𝑣𝑧 

𝑢𝑠 ⋅ 𝑣𝑠 = 𝑠2𝑢𝑥𝑣𝑥 + 𝑠2𝑢𝑦𝑣𝑦 + 𝑠2𝑢𝑧𝑣𝑧 

𝑢𝑠 ⋅ 𝑣𝑠 = 𝑠2 𝑢𝑥𝑣𝑥 + 𝑢𝑦𝑣𝑦 + 𝑢𝑧𝑣𝑧 = 𝑠2 𝑢 ⋅ 𝑣  

cos 𝜃𝑠 =
𝑢𝑠⋅𝑣𝑠

𝑢𝑠 𝑣𝑠
=

𝑠2 𝑢⋅𝑣

𝑠2 𝑢⋅𝑢 𝑠2 𝑣⋅𝑣
=

𝑠2 𝑢⋅𝑣

𝑠 𝑢⋅𝑢  𝑠 𝑣⋅𝑣
=

𝑠2 𝑢⋅𝑣

𝑠2 𝑢⋅𝑢 𝑣⋅𝑣
=

𝑢⋅𝑣

𝑢⋅𝑢 𝑣⋅𝑣
=

𝑢⋅𝑣

𝑢 𝑣
= cos 𝜃
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