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Representing space

Physical spaces can be represented using Euclidean spaces with orthonormal basis

Euclidean space E* 2 dimensions Euclidean space E*
OE — (010) OE — (0,0)
Orthogonal basis: {u, v} Orthonormal basis: {u, v}
u=(2,0),v=(0,3) u=(1,0),v=(0,1)
S ——
! >
Op ”
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Representing space

Physical spaces can be represented using Euclidean spaces with orthonormal basis

1 dimension 2 dimensions 3 dimensions
v ‘r AW
P
P
p pv ;
u u yYw
OE—> .P ...... 0, > u pv
Euclidean space E1, 05 = (0) Euclidean space E? Euclidean space E3
Orthonormal basis: {u} Orthonormal basis: {u,v}  Orthonormal basis: {u, v, w}
u=(1) u=(1,0),v =(0,1) u = (1,0,0),v = (0,1,0)
w = (0,0,1)
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Representing 3D space

B 3D space can be represented with
B Vector space of dimension 3

B Basis of 3 vectors denoted X, Y and Z
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Representing 3D space

B 3D space can be represented with
B Vector space of dimension 3

B Basis of 3 vectors denoted X, Y and Z

B dot product - and cross product X
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Representing 3D space

B 3D space can be represented with
B Vector space of dimension 3

B Basis of 3 vectors denoted X, Y and Z

B dot product - and cross product X

B Mathematical properties X
B Vector orthogonality: X - Y =X-Z2 =Y -Z =0
B Planeorthogonality: X XY =72 ,XXZ =Y ,YXZ=X

Computer Vision -6/ 151



am UNIVERSITE DE
Computer Vision / Referential @ L | 5 - TOULON

Definition| ]

a is a system that uses numbers, or coordinates, to uniquely
determine the position of geometric elements within a topological space.

B Coordinates are expressed as tuples

B Origin is tuple (0)

B Provide unit length for all coordinates 17 |
P Cartesian
(3, 60%) Coordinate System
o
Polar Coordinate System N O
© NP Y
A > /\\
7 / .................................. X
A ,
(4,210°)  Tuple: (¢, 1), Unit: degree (°) Tuple (x, y, z), Unit: meter (m)

Computer Vision -7 /151




UNIVERSITE DE

Computer Vision / Referential TOULON
Definition| ]
a is defined by a reference frame, a coordinate system and

an origin position.

B Example: Image / Screen reference system

B Reference Frame: X, V' (2D Euclidean space)
B Coordinate system: Cartesian 0 1832

..-!N

B Coordinate unit: 1 pixel 246 -

B Origin O: The upper left corner

P= (1832, 346)
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Referential (Reference system)

B Example: Earth-centered, Earth-fixed coordinate system (ECEF)
B O The center of mass of the Earth

B Zaxis: on the line from Oto North Pole

North Pole

B Xaxis: in the plane of the equator

B Yaxis: in the plane of the equator,
90° from Xaxis
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Representing 3D position

B 3D Positions can be represented using

B A positionis atuple (x, v, 2)

B The origin of the coordinate system is denoted O

B Coordinates of point Pare denoted (Px, Dy, Pz)

B Properties
X

B Atuple (px,py,pz) describes one and only one point

B Coordinate p;of a point P is the distance between
P and its orthogonal projection onto the orthogonal plane to

the 7axis
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Representing 3D position

B 3D Positions can be represented as a

P=P—(0,0,0) = OP

B The P = (x,y, z) of an object within a 3D space is
equivalent to the O_P), where O is the origin of the
space
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Translation
M LetP = (x,y,z) apointand (a, B,y) a vector. A ,
denoted T'(a, B,7), is an such as:

T(CZ, B’ )/)(P) — (xt' Yz Zt)

B With:
Xe =Xt
Ve=Yy+p
Zt:Z_l'S
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Translation properties

B LetP = (x,y,z) beapoint, ® = (a, 8, y) be a vector and
T(a, B,v) be a translation:

X+ «a A
T(a , B, y) ( P) = (y + f ) | e
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Translation properties

B LetP = (x,y,z) beapoint, ® = (a, 8, y) be a vector and
T(a, B,v) be a translation:

X+ a X a .
@ - (355) - () (£) -7 v
Z+y Z o)
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Translation properties

B LetP = (x,y,z) beapoint, ® = (a, 8, y) be a vector and
T(a, B,v) be a translation:

x + @ X a R
T(a»ﬁ»y)(P):<}’+,B)=(y)+<ﬁ>=0P-|-@ .
z+y) \a) o ‘ N

= 0P + T(a, B,7)(0)*
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Translation properties

B LetP = (x,y,z) beapoint, ® = (a, 8, y) be a vector and
T(a, B,v) be a translation:

X+ a X a
@ -(355) - () (£) - oo
Z+y Z o)

= +T(a,B,7)(0)
t
@ is the identity application: ¢(X) = X (linear)
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Translation properties

B LetP = (x,y,z) beapoint, ® = (a, 8, y) be a vector and
T(a, B,v) be a translation:

T(a,B,7)(P) = $(OP) + T(a, 8,7)(0)

B As @ islinear, T(a,B,y) is an that preserve:

B Parallelism
B Lengths
B Angles
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result

of T(a, B,y)(P):

X+«
Q=T(a,B,y)(P) = <y+ﬁ>
Z+y
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result
of T(a,B,v)(P):

X+ a Xt
Q=T(ap,y)(P) = (y + ﬁ) = (%)
Z+y Z¢

X —
T(—a,—B,-y)(Q) = <Yt — ﬁ)

Zt — VY
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result
of T(a,B,v)(P):

Xt
o=riasmor=()-(5)
Zt

Xt — & —
T(—a,—B,-v)WQ) = (yt - [)’) = ( - ﬁ) -
Zt —Y —Y
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result
of T(a,B,v)(P):

X+ a Xt
Q=T(apB,y)P)= (y + ﬁ) = (%)

zZ+ty Zy

X — & X+a—a«a
T(—a,—B,—y)Q) = (yt - ﬁ) = (y +p - ﬂ) =

Zt —Y Z+y—vy
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result
of T(a,B,v)(P):
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Translation properties

B LetP = (x,y,z) beapointand Q = (x, y;, Z;) be the result
of T(a,B,v)(P):

X+ a Xt
Q=T(ap,y)(P) = (y + ﬁ) = (%)
Z+y Z¢

T(_a) _:8) _]/) (Q) =P
T(—a,—B,-y)(T(a,B,y)(P)) =P

B Translation T'(a, B,y) is and its inverse is
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Translation

M LetP = (x,y,z) apointand (a, B,y) a vector. A ,
denoted T'(a, B,7), is an such as:

X+ a
T(a,p,v)(P) = (3’ +/3>
Z+Yy

B Translation is an

B Translation is and its inverse is:

T_l(ai :81 )/) — T(—C(, _:Br _]/)
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Representing 3D orientation

B 3D position is not enough to express location within 3D space
B Two objects can share the same position but have different

orientation
7 YA

< .

P SN

o | ‘f; 0 #ﬁ/;/

\ \ S

/ \/\Y / >y
S A a 4
X |
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Representing 3D orientation

B Orientation of an object within a 3D space
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3D orientation

an within a 3D space can be defined by three angles (w, @, k) that describe
the rotations around X, Y and Z axis, respectively.

B Rotations around X, "and Zaxis are denoted 7. (w), and R, (k)
VA X Y
|
R Y S =
NRy Sy ws*
Rx (a)) RZ(K)
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Axes rotation

B Rotation around X axis

B Let P = (x,y,2) be apoint and w be an angle. The result of the
rotation of Paround X axis by w, denoted R, (w), is such as:

X
R, (0)(P) = (y cos(w) — z sin(a)))
y sin(w) + z cos(w)
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Axes rotation

B Rotation around Y axis

B Let P = (x,y,2) be apoint and ¢ be an angle. The result of the
rotation of Paround Y axis by ¢, denoted R,,(¢), is such as:

>

x cos(p) + zsin(p)
R, (@)(P) = y
z cos(@) — x sin(p)
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Axes rotation

B Rotation around Z axis

B Let P = (x,y,2z) be a point and k be an angle. The result of the
rotation of Paround Z axis by k, denoted R,, (i), is such as:

x cos(k) — y sin(x)
R,(k)(P) = | xsin(k) + y cos(k)
Z
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

Ax, + uxy
Ry(w)(AA + uB) = | (Aya + pyp) cos(w) — (Azq + uzp) sin(w)
(AYa + pyp) sin(w) + (Azg + uzy) cos(w)
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Axes rotation properties
B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors
Ax, + uxy
Ry(w)(AA + uB) = | (Aya + 1yp) — (A2 + pzp) sin(w)
(Ayq + uyp) sin(w) + (Az4 + pzp)
Distribution
Axg + uxy
Ry(w)(AA + uB) = | Aya + UYp — Azy sin(w) — pzpsin(w) |+
Aygsin(w) + pypsin(w) + Az, + Uz,
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

Ax, + uxy
Ry(w)(AA + uB) = | (Aya + pyp) cos(w) — (Azq + uzp) sin(w)
(AYa + pyp) sin(w) + (Azg + uzy) cos(w)

Axg + uxy
Ry(w)(AA + uB) = | /yq cos(w) + pyp cos(w) — /zg sin(w) — uzpsin(w)
ygzsin(w) + pypsin(w) + 1z, cos(w) + pz, cos(w) o
Factorization

Axg + Uxp
R, (w)(AA + uB) = | '(yzcos(w) — zgsin(w)) + u(ypcos(w) — zpsin(w)) “—
(ygsin(w) + z, cos(w)) + p(ypsin(w) + z;, cos(w))
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

+ UXp
Ry(w)(A4 + puB) = + u(ypcos(w) — zpsin(w)) | =
+ u(ypsin(w) + z;, cos(w))
Vector
HXp | decomposition
R, (w)(AA+ uB) = + | u(ypcos(w) — zpsin(w)) | «—
u(ypsin(w) + zp cos(w))
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

Axq + uxy
R,(w)(AA + uB) = | A(yqcos(w) — z,sin(w)) + pu(ypcos(w) — zpsin(w))
A(y,sin(w) + z, cos(w)) + u(ypsin(w) + z, cos(w))

Xa HXp
R, (w)(AA + uB) = | 1(ygcos(w) — zzsin(w)) | + | #(ypcos(w) — zpsin(w)) | —
(Ygsin(w) + z, cos(w)) 1(ypsin(w) + zp cos(w))

Factorization

Xq Xb
Ry(w)(AA + uB) = <ya cos(w) — Zasin(w)> + 1 (yb cos(w) — stin(w)> —

ya Sin(w) + z, cos(w) ypsin(w) + z;, cos(w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

Xq Xb

Ry(w)(AA + uB) = 2 <ya cos(w) — Zasin(w)> +p (yb cos(w) — stin(w)>
V. sin(w) + z, cos(w) ypsin(w) + z;, cos(w)
\ J \ J

Y Y
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Axes rotation properties

B letA = (x4 v, 24) and B = (x3, Vp, Zp) be two vectors

Xq Xb

Ry(w)(AA + uB) = 2 <ya cos(w) — Zasin(w)> +p (yb cos(w) — stin(w)>
V. sin(w) + z, cos(w) ypsin(w) + z;, cos(w)
\ J \ J

Y Y

Ry(w)(AA + uB) = ARy (w)(A) + pRy(w)(B)
The rotation R, (w) is a
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Axes rotation properties

B Exercise

Demonstrate the linearity of R, (w) and R, (k)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xg %,
R, (w)(A) = <ya cos(w) — z, sin(w)) — ()’b) _B

v, sin(w) + z, cos(w) Zp
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xg %,
R, (w)(A) = <ya cos(w) — z, sin(w)) — ()’b) —p —

v, sin(w) + z, cos(w) Zp

Applying rotation of - w to B

Xb
Ry(—w)(B) = (yb cos(—w) — z, sin(—w)) «

yp sin(—w) + z;, cos(—w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xb
Ry (w)(A) = < > = ()’b) =B
Zp

Xb
R, (—w)(B) = (yb cos(—w) — z, sin(—w))

yp sin(—w) + z;, cos(—w)

Replacing

R,(—w)(B) = <( ) cos(—w) — ( )Sin(—w)><—
( )sin(—w) + ( ) cos(—w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

xa
R,(—w)(B) = | (yq cos(w) — z4 sin(w)) cos(—w) — (yg sin(w) + z4 cos(w)) sin(—w)
(y, cos(w) — z, sin(w)) sin(—w) + (y, sin(w) + z, cos(w)) cos(—w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xg Distribution
R,(—w)(B) = | (Vg cos(w) — z, sin(w)) — (y, sin(w) + z, cos(w)) sin(—w)
<(ya cos(w) — z, sin(w)) sin(—w) + (y, sin(w) + z, cos(w)) ) ‘
xa
R,(—w)(B) = | Ya cos(w) — 7, sin(w) — vy, sin(w) sin(—w) — z, cos(w) sin(—w)
Y, cos(w) sin(—w) — z, sin(w) sin(—w) + y, sin(w) + z, cos(w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

xa
R,(—w)(B) = | (yq cos(w) — z4 sin(w)) cos(—w) — (yg sin(w) + z4 cos(w)) sin(—w)
(y, cos(w) — z, sin(w)) sin(—w) + (y, sin(w) + z, cos(w)) cos(—w)

Xa
R,(—w)(B) = | ¥q cos(w) cos(—w) — z, sin(w) cos(—w) — — 7, cos(w) sin(—w) |—
¥, cos(w) sin(—w) — z, sin(w) sin(—w) + + z, cos(w) cos(—w)
xa
R,(—w)(B) = | Ya cos(w) cos(—w) — — 7, sin(w) cos(—w) — z, cos(w) sin(—w) |«
Y4 cos(w) sin(—w) + + z, cos(w) cos(—w) — z4 sin(w) sin(—w) / Grouping
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xa
R,(—w)(B) = | ¥Ya cos(w) cos(—w) — y, sin(w) sin(—w) — z4 sin(w) cos(—w) — z, cos(w) sin(—w)
¥4 cos(w) sin(—w) + y, sin(w) cos(—w) + z, cos(w) cos(—w) — z, sin(w) sin(—w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

xa
R,(—w)(B) = < cos(w) cos(—w) — v, sin(w) sin(—w) — z, sin(w) cos(—w) — z, cos(w) sin(—w))

cos(w) sin(—w) + v, sin(w) cos(—w) + z, cos(w) cos(—w) — z, sin(w) sin(—w)
N l Factorization
R,(—w)(B) = < a(cos(w) cos(—w) — sin(w) sin(—w)) — z,(sin(w) cos(—w) + cos(w) sin(—w)))

(cos(w) sin(—w) + sin(w) cos(—w)) + z,(cos(w) cos(—w) — sin(w) sin(—w))
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Axes rotation properties
W letA = (x,Y,2,) and B = (x3, yp, Z) such as

Xa
R,(—w)(B) = | ¥Ya cos(w) cos(—w) — y, sin(w) sin(—w) — z4 sin(w) cos(—w) — z, cos(w) sin(—w)
¥4 cos(w) sin(—w) + y, sin(w) cos(—w) + z, cos(w) cos(—w) — z, sin(w) sin(—w)

xa
R,(—w)(B) = <ya( ) — z,(sin(w) cos(—w) + cos(w) sin(—w)))
v, (cos(w) sin(—w) + sin(w) cos(—w)) + z,( )

l cosacosb —sinasinb = cos(a + b)

Xa
R,(—w)(B) =| Ya — 7, (sin(w) cos(—w) + cos(w) sin(—w))
y,(cos(w) sin(—w) + sin(w) cos(—w)) + z,
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xa
R,(—w)(B) = (ya cos(w — w) — z,(sin(w) cos(—w) + cos(w) sin(—w)))

y,(cos(w) sin(—w) + sin(w) cos(—w)) + z, cos(w — w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

xa
Ry (—w)(B) = | Ya cos(w — w) — z4( )
YVa( ) + z, cos(w — w)
l sinacosb + cosasinb =sin(a + b)
xa
R,(—w)(B) =| Ya cos(w — w) — zg
Va + z, cos(w — w)
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xa
R,(—w)(B) = (ya cos(w — w) — z,(sin(w) cos(—w) + cos(w) sin(—w)))

y,(cos(w) sin(—w) + sin(w) cos(—w)) + z, cos(w — w)

Xa
R, (—w)(B) = ( Ya cos(w — w) — z, >_

Va + z, cos(w — w)
cos0=1,sin0=20

Xg Xq
Ru(—)(B) = (ya 1=z, % o) - (y) —

YVa X0+2z5 X1 Zgq
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Axes rotation properties

B letA = (x4 v, 24) and B = (xp, Yy, Zp) such as

Xa Xp Xa
R, (w)(4) = <ya cos(w) — z, sin(w)) = (n) =B R,(—w)(B) = (ya> = A

v, sin(w) + z, cos(w) Zp

Ry (@) (R (~0)(B)) = Ry(w)(A) = B

Ry(w)(Ry(—w)(B)) =B

The rotation R, (w) is and its inverse is
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Axes rotation properties

B Exercise

Demonstrate the invertibility of R, (w) and R, (k)
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Axes rotation

B LetP = (x,y,z) be apoint and let w, ¢ and k be three angles

x x cos(¢) + z sin(p) x cos(k) — y sin(x)
Ry(w)(P) = (y cos(w) — z sm(w)) R, (p)(P) = y R,(x)(P) = | xsin(x) + y cos(k)
y sin(w) + z cos(w) z cos(p) — x sin(g) z

B Rotation Ry (w), R, (@) and R, (k) are

B Rotation Ry (w), R, (@) and R, (k) are and their inverse
are , and
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Combined rotation
B R, (@)Ry(9)R, (k)

Xrx = X = x,, cos(@) + 7z, sin(p)  Xrxyz = cos(x) — sin(x)
Vi =y cos(w) — z sin(w) » = Vrx # Vrxyz = sin(x) + cos (k)
7. =y sin(w) + z cos(w) = 7, cos(¢p) — x,.. sin(p) Zrxyz =

Ry (@) ° Ry(w) ° ° Ry(w)

B Functional notation

Ry(w)Ry (@)R, (k)  mmmmm) ° ° Ry(w)
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Rotation computation
B R,(0)Ry(¢)R, (k)

= %, cos(g) + 7, sin(¢)

= Vrx

Xrxyz = cos(k) — sin(x)

= 7, cos(¢p) — x,., sin(¢)

Vrxyz = sin(k) + cos (k)

Zyxyz = l

Xrxyz = (er COS((p) t Zyx Sin((p)) cos(k) — Vrx sin(x)

Yrxyz = (X €08(@) + 7, sin(@)) sin(i) + y;..cos(x)

Zyxyz = Zrx cos(p) — x,. sin(¢p)
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Rotation computation
B R,(0)Ry(¢)R, (k)

Xrxyz = (xrx COS((p) t Zyy Sin((p)) cos(k) — erSin(K)

v, = ycos(w) — z sin(w)

Z,.. =y sin(w) + z cos(w)

Yrxyz = (X €0s(@) + 7. sin(e)) sin(x) + y;..cos (k)

Zyxyz = Zrx cos(¢) — x,. sin(¢g)

l

Xrxyz = (x cos(@) + (y sin(w) + z cos(w)) sin(p)) cos(k) — (y cos(w) — z sin(w)) sin(x)

Vrxyz = (X cos(@) + (y sin(w) + z cos(w)) sin(¢)) sin(x) + (y cos(w) — z sin(w))cos (k)

Zrxyz = (¥ sin(w) + z cos(w)) cos(¢) — x sin(p)
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Rotation computation
B R,(0)Ry(¢)R, (k)

Xrxyz = (X cos(@) + (¥ sin(w) + z cos(w)) sin(¢)) cos(k) — (y cos(w) — z sin(w)) sin(x)

Vrxyz = (x cos(@) + (¥ sin(w) + z cos(w)) sin(g)) sin(k) + (y cos(w) — z sin(w))cos (k)
Zrxyz = (¥ sin(w) + z cos(w)) cos(¢) — x sin(¢)
Xrxyz = X cos(@) cos(x) + y sin(w) sin(¢) cos(k) + z cos(w) sin(¢p) cos(x)
— y cos(w) sin(x) + z sin(w) sin(k)

= xcos(e) sin(k) + y sin(w) sin(¢e) sin(k) + z cos(w) sin(¢) sin(k)
+ y cos(w)cos (k) — z sin(w) cos(k)

Vrxyz

Zrxyz = (¥ sin(w) cos(@) + z cos(w) cos(p)) — x sin(y)
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Combined rotation
B R, (@)Ry(9)R, (k)

x cos(¢) cos(k) + y(sin(w) sin(¢g) cos(kx) — cos(w) sin(x)) + z(cos(w) sin(¢p) cos(x) + sin(w) sin(x))
Ry (w)Ry,(@)R,(x) =| xcos(¢)sin(k) + y(sin(w) sin(¢) sin(kx) + cos(w) cos(x)) + z(cos(w) sin(¢) sin(x) — sin(w) cos(k))
—x sin(¢@) + y sin(w) cos(g) + z cos(w) cos(¢)

B Rotation R, (k) °c Ry, (¢) o Ry (w) is a as it
combine three linear applications

B Rotation R, (k) o R, (@) o Ry(w) is as it combine three
invertible applications and its inverse is
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3D Location

a within a 3D space is defined by a (x,v,z) and an (w, Y, K).

Il Il

Il

L

l_ T(a,B,9) Ry (w)Ry (@)R, (k)

a within a 3D space is defined by a T(a,B,6) and a composed
Ry (w)Ry ()R, (k)
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Rigid-body Transformation

A transformation F that is obtained by the of and is
called

B Rigid transformation preserve:

B Parallelism

B Length
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3D Transforms

Translation (@+x,B+y,y+72) Affine

X x cos(p) + zsin(¢e)
(y cos(w) — z sin(w)) y
y sin(w) + z cos(w) z cos(p) — x sin(¢)

Rotation x cos(k) — y sin(k) sl
x sin(x) + vy cos(k)
VA
Scale (uniform) (sx,sy,sz) Linear x
Scale (5%, SyY,5,2) Linear x x
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Let us = Ss,. 5,5, (1) = (Syeliy, Syly, S,Uz) and vg = S50,59:57 (v) = (Sxvx, SyVy, S;Vyz)

Ug * Vg = Sylly X SyVUx + Sylly, X Sy + S,U, X SV, = Sy WUy + S,°Uy 0y, + 5,°U, 1,

Ug - Vg = SPU Uy + 52Uy D), + 52U, 0,

U - Vg = S2(Upy + upvy + Uy, ) = s%(u - v)

cos 0. — UsVs s?(uw) _ s?(uw) _ s?(uv) _ u-v o uv cos 0
S luslllvsll — sZw) Vs2wy)  s@w) sy@wv) s ww) Jwv)  JewJev)  lullvl
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