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Computer Vision / Euclidean Space @ L | 5

Representing 3D space
3D space can be represented with Euclidean Space

B ector space on R3
M Orthonormal basis of 3 vectors denoted X, Y and Z

M dot product - and cross product X
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Representing 3D space
3D space can be represented with Euclidean Space
B ector space on R3
M Orthonormal basis of 3 vectors denoted X, Y and Z
M dot product - and cross product X
Mathematical properties Ty
M Euclidean norm |lu]| = Vu - u O v
B Angle: cos 0 = Ilulltl.lllyvll X/\
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Representing Transforms

Translation (@+x,B+y,y+72) Affine

X x cos(p) + zsin(¢e)
(y cos(w) — z sin(w)) y
y sin(w) + z cos(w) z cos(p) — x sin(¢)

Rotation x cos(k) — y sin(k) sl
x sin(x) + vy cos(k)
VA
Scale (uniform) (sx,sy,sz) Linear x
Scale (5%, SyY,5,2) Linear x x
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Representing Transforms Complex computation

“fansorm | Unearty | Distances | _Angies _

Translation (@+xB+y,y+72) Affine

x x cos(¢) + zsin(ep)
(y cos(w) — z sin(w)) y
y sin(w) + z cos(w) z cos(¢p) — x sin(¢)

Rotation (x cos (i) — ysin(lc)> Linear

x sin(x) + y cos(k)
A

Scale (uniform) (sx, sy, sz) Linear

Scale (5%, SyY,5,2) Linear
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Representing Transforms Various properties
"~ tansform | Computation ________Linearity | Distances | _Angles _

Translation (@+x,B+y,y+72) Affine

X x cos(p) + zsin(¢e)
(y cos(w) — z sin(w)) y

y sin(w) + z cos(w) z cos(p) — x sin(¢)

Rotation (x csl(d) — ysin(zc)> Hinear

x sin(x) + y cos(k)
A

Scale (uniform) (sx, sy, sz) Linear

Scale (5.2, Sy, $,2) Linear
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Representing 3D space
B Limits
B No uniform representation of transformations

B Computation can be complex

B Needs
B A consistent mathematical formalism

B Good computational properties

Computer Vision -7 /40
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Let E be a set. An on E, denoted —, is a binary

operation that satisfies:
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Definition| ]
Let E be a set. An on E, denoted —, is a binary
operation that satisfies:
BYaeE a~a Reflexivity
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Definition| ]

Let E be a set. An on E, denoted —, is a binary
operation that satisfies:

BYaeE a~a Reflexivity

BVva b€ E,a~b <— b~a Symmetry
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Definition| ]
Let E be a set. An on E, denoted —, is a binary
operation that satisfies:
BYaeE a~a Reflexivity
BVva b€ E,a~b <— b~a Symmetry

MVYa b,c € E,a~b and b~c — a~c Transitivity
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Definition| ]
Let E be a set. An on E, denoted —, is a binary
operation that satisfies:
BYaeE a~a Reflexivity
BVva b€ E,a~b <— b~a Symmetry

MVYa b,c € E,a~b and b~c — a~c Transitivity

Definition| ]

Let E be a set with an equivalence relation ~ and let x € E. The
of x for ~ is the subset, denoted »  such as:

X~ ={y €E x~y}
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Example] ]

let E ={a,b,c,d,e, f,g, h,i} beaset of lines within the plane

b c

“/ // d
i
A

i h g f
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Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

b c

TV
?/ ; id
A 1Y

i h g f
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Example| ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

A line x is parallel to itself b c

% N )a
i
A

i h g f
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Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

A line x is parallel to itself b c

4
If a line x is parallel to a line y, then y is parallel to x / d

e e%
N

; A
7

)

Y i h g f
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Example| ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

A line x is parallel to itself b c

ayzer

a
If a line x is parallel to a line y and if y is parallel to z /////
then x is parallel to z ///

If a line x is parallel to a line y, then y is parallel to x

. %

i h g f
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Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation
b C

N

7
/

B Thesubset G = {a,b,c,d,e}is an equivalent class

)
v

i h g f

NN

Computer Vision -18 /40




UNIVERSITE DE

TOULON

Computer Vision / Projective space @ L I 5

Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

B Thesubset G ={a,b,c,d,e}isan equivalent class

B Thesubset H = {f, g, h,i}is an equivalent class /&

/b//c d
e
4

)

i h g f
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Example] ]
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let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation
B Thesubset G ={a,b,c,d,e}isan equivalent class

M Thesubset H = {f, g, h,i}is an equivalent class
BGCNH=0

a

/
A
o

////d

/

yd
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Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

B Thesubset G ={a,b,c,d,e}isan equivalent class

7
B The subset H = {f, g, h, i} is an equivalent class 7 //

BGNH=0 // e

B GCUH=EFE
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Example] ]

let E ={a,b,c,d,e, f,g,h, i} be a set of lines within the plane and let ~ a
binary operation defined such as Vx,y € E,x~y — x parallel to y

B ~ is an equivalence relation

B Thesubset G ={a,b,c,d,e}is an equivalent class a b

M Thesubset H = {f, g, h,i}is an equivalent class

.
” %

B GNH=0 /
Y

Equivalent classes form a partition

B GCUH=EFE

/

yd
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Definition| ]

Let E be a vector space on a field K. The
equivalence classes of E \ {0z} under an equivalence relation, denoted ~,

is the set of

such as:

VX, Y€eE\{0}, X~YifdreK A2+ 0,X =AY

Computer Vision -23/40
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Definition| ]

Let E be a vector space on a field K. The
equivalence classes of E \ {0z} under an equivalence relation, denoted ~,

is the set of

such as:

VX, Y €EN\{0:}, X~YifareK A+ 0,X =AY

Property| ]
Let E™ be a vector space of finite dimension n. The projective space P(E™)
has a dimension of n — 1.

Computer Vision -24 /40
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A , denoted ', is defined such that:
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Definition| ]
A , denoted ', is defined such that:
Interpretation

B A homogeneous vector describes an equivalence class of collinear
vectors

Computer Vision -26 /40
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Definition| ]
A , denoted ', is defined such that:
Interpretation

B A homogeneous vector describes an equivalence class of collinear
vectors

B A homogenous vector has an infinity of representations:

1
¥y =1(1,4,6) = (5,2,3) =(12,48,72) =+ =(1X1,A %X 4,1 X 6)
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Homogeneous Representation

B Definition: A homogeneous vector X of dimension n is a tuple
made of n

VAER* X =A(xq, ..., x,) = (Axq, ..., Ax;,)

Computer Vision -28 /40
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Homogeneous Representation

B Definition: A homogeneous vector X of dimension n is a tuple
made of n

VAER* X =A(xq, ..., x,) = (Axq, ..., Ax;,)

B A homogeneous vector X = A(xq, ..., X,) can be represented by a
column matrix, denoted X, such as:

X1

| Xn

Computer Vision -29/40
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Homogeneous Representation

B Definition: A homogeneous vector X of dimension n is a tuple
made of n

VAER* X =A(xq, ..., x,) = (Axq, ..., Ax;,)

B A homogeneous vector X = A(xq, ..., X,) can be represented by a
column matrix, denoted X, such as:

_x]__ _Axl_
X=4A

_xn_ )an
| - "]
Column notation
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Homogeneous Representation

B Definition: A homogeneous vector X of dimension n is a tuple
made of n

VAER* X =A(xq, ..., x,) = (Axq, ..., Ax;,)

B A homogeneous vector X = A(xq, ..., X,) can be represented by a
column matrix, denoted X, such as:

_x]__ -Axl
X — A — — [Axl coe Axn]T — A[xl *ee Xn]T
_xn_ )an
| i 11 |
Column notation Row notation

Computer Vision -31/40
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Euclidean to homogeneous Representation

B Definition: Let a = (a4, ..., a,,) be a vector within a Euclidean space of
dimension n. A of a is a vector of
dimension , denoted A, such as:

cflz( Aq, -, Ay, )EAZ

|
Q
(=Y
Q
S
—

Computer Vision -32 /40
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Euclidean to homogeneous Representation

B Definition: Let a = (a4, ..., a,,) be a vector within a Euclidean space of
dimension n. A of a is a vector of

dimension , denoted A, such as:

|
Q
(=Y
Q
S
—

cfl:( Aq, -, Ay, )EAZ

B For the sake of simplicity, / is usually set to

Computer Vision -33/40
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Euclidean to homogeneous Representation

O From Euclidean to homogeneous

(1,4, 3)

I

Euclidean vector

Computer Vision -34 /40
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Euclidean to homogeneous Representation

O From Euclidean to homogeneous
(1,4,3) - [1,43,]" =2[14,3,1]" =--=1[1,43,']"
I \ J
|
Euclidean vector Homogeneous representations

Computer Vision -35/40
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Euclidean to homogeneous Representation

O From Euclidean to homogeneous
(1,4,3) - [1,43,]" =2[14,3,1]" =--=1[1,43,']"
I \ J
|
Euclidean vector Homogeneous representations

B Warning: Homogeneous representation of the Euclidean space
origin is not the origin of homogeneous space:

(0,0,0) - [0,0,0,1]" = 2[0,0,0,1]" =--- = A[0,0,0,1]"

Computer Vision -36/40



am UNIVERSITE DE
Computer Vision /| Homogeneous Coordinates ==TOULON

Homogeneous to Euclidean representation

B letA=[a; .. ap W]T be avector within a homogeneous
space of dimension n + 1, with w # 0.

The Euclidean representation of A is a vector of dimension 7,
denoted A such as:

Computer Vision -37 /40
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Homogeneous to Euclidean representation

O From homogeneous to Euclidean

2 8 6 ]

Y

homogeneous vector

Computer Vision -38/40
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Homogeneous to Euclidean representation

O From homogeneous to Euclidean

[2 8 6 ]T_>(Z’§,§)=(1,4,3)
\

Y ——

homogeneous vector Euclidean representation

Computer Vision -39/40
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Homogeneous to Euclidean representation

O From homogeneous to Euclidean

2 8 6 ]T—>(z,§ é)—(143)
\

Y ——

homogeneous vector Euclidean representation

B Warning: Homogeneous space origin cannot be represented
within Euclidean space: )

Computer Vision -40/40

ol o

0
10)

| O

[0,0,0,0]" - (
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Geometric interpretation

B Let A = (x,y) avector within a 2D Euclidean space

Computer Vision -41 /40
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Geometric interpretation

B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1] represents A within the homogeneous space

.....

Computer Vision -42 /40
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Geometric interpretation
B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1] represents A within the homogeneous space

m 1A =[Ax Ay A]" is another representation of A

Computer Vision -43 /40
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Geometric interpretation
B Let A = (x,y) avector within a 2D Euclidean space

B A=[x y 1] represents A within the homogeneous space

m 1A =[Ax Ay A]" is another representation of A

P All homogeneous representations of A
are lying on the same line

Computer Vision -44 /40
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Homogeneous transformation

B Let be a homogeneous space of dimension n and let V be a
homogeneous vector. A is an application
defined such as:

H(V) =HV
With:
- His an X n square matrix that represents H
- V is a n dimensioned vector that represents V

- HV is the matrix product of Hand V

Computer Vision -45 /40
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Homogeneous transformation

B Within 4 dimensioned homogeneous space
mV=[xy z w]'

B Hissuch as:

Computer Vision -46 /40
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Homogeneous transformation

B Identity transform

1 0 0 O

101 0 0

H=10 0 1 o0

0 0 0 1

B Computation

1 0 0 O0O][x] X |
1o 1 0 oflyl |y
V=1 0 1 ollz|™ |z
0 0 0 11iw. W

Computer Vision -47 /40
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Homogeneous transformation

B Homogeneous transformation linearity
B Let H be a homogeneous transform represented by matrix H:

B Let A and B two homogeneous vectors represented by column
matrices A and B respectively and let A and u be two scalars:

[ Xq ] [ Xp | Ax, ] [ UXp ]
Ya Yb Ay, HYb
A= B = — a B =
Za Zp A4 Az, . HZp
[ Wa. | Wh | | Aw,, | | UWp |

Computer Vision -48 /40



UNIVERSITE DE

TOULON

Computer Vision /| Homogeneous Transformation @ L I 5

Homogeneous transformation

B Homogeneous transformation linearity

HAA + uB) = H(AA + uB)

Computer Vision -49 /40
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Homogeneous transformation

B Homogeneous transformation linearity

HAA + uB) = (1A + uB)

11 Ax, + pxp ]
Ao + WYp
Az, + uzy,
HAw, + uwy |

HAA+ uB) =

Computer Vision -50/40
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Homogeneous transformation

B Homogeneous transformation linearity

H(AA + uB) = HQAA + uB)

(hi1 hiz Riz hyg|[Axq + pxp ] Matrix product
hy1 hyy hos hou|| Aye + 1y
h31 hsy hgz hsu|| Az, + uz,
N4 hay haz hggllAw, + pwy,

HAA+ uB) =

(hi1(Axq + pxp) + hy2(Aye + 1yp) + hy3(Azq + uzp) + hyy(Awg + uwy)]
hy1(Axg + pxp) + hoy(Ay, + pyp) + ha3(Az, + pzp,) + hoy(Awg + pwp)
hsy(Axg + pxp) + h3x(Ay, + pyp) + h33(Az, + pzp,) + has(Awg + pwp)
(g1 (Axq + 1xp) + hay(Ayq + 1yp) + hyz(A24 + 1zp) + hyy (AW, + pwy) |

HAA+ uB) =

Computer Vision -51/40
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Homogeneous transformation

B Homogeneous transformation linearity

hy1 hiz hiz gy [ Axg + pxp ]
hy1  haz has houl|| AVa + Uy
h31 hsy hiz hay|| Azg + pzp
(hy1 hyy haz  hgadlAw, + uwy |

HAA + uB) =

(Axq + pxp) + hioy(AVe + wyp) + hi3(A2g + uzp) + hia(Awg + pwy)1  Distribution
(Axq + pxp) + hoo(Aye + wyp) + hos(Azg + uzp) + hos(Awg + pwp)
(Axq + pxp) + hso (Aye + wyp) + hss(Azg + pzp) + has(Awg + pwp)
(Axq + pxp) + hay (Aye + wyp) + hus(Azg + pzp) + has(Awg + pwp) |

HAA+ uB) =

Axq + o opuxp + hipAyg + hiopuyp + hisAzg + hyspzy + higdwg + hyuwy
AxXgq + 1o puxy + hoodya + hootyy + hosAzg + hosuzy, + hoydwg + hoyuwy,
Axq + 1o uxp + h3pAYg + ha iy + h3zAzg + hazpuzy + hasdAwg + hasuwy,
Axq + 1o Xy + hyo Ay + haatyp + Nysdzg + huzpuzy + hygdwg + hyauwy|

Computer Vision -52 /40
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Homogeneous transformation

B Homogeneous transformation linearity

_hll(/lxa + .uxb) + hlZ(AYa + ,be) + hlB(AZa + :uzb) + h14(AWa + ‘UWb)_
th(Axa + .uxb) + hZZ(/lya + ,be) + hZS(AZa + :uzb) + h24(AWa + :qu)

H(AA + uB) =
( uB) h31(Axq + pxp) + haa(Ay, + pyp) + haz(Azg + pzp) + hys(Awg + uwy,)
Lhy1 (Axgq + uxp) + hyy(Ayg + 1yp) + hys(Azg + pzy) + hyy(Awg + uwy) |
+ hyapixy + + haaptyp + + haspzy + T 1alWs 1 Grouping
H((AA + uB) = + ha1pixp + + hooutyp + + hysuzy, + T hoapwp (__
+ haypx, + + haopyp + + haspzp + + h3apwy
+ h31/.txb + + h42ﬂyb + + h431uzb + + h44,Lle_
+ + + + hyiuxp + hiouyp + hispuzy + hyguwy, ]
+ + + + hy1uxp + hoauyy + hosuz, + houuwy,
_ «
H(AA + yB) + + + + hapxp + haauyy + hazuzy + haspiwy,
+ + + + haapixp + haattyp + haziizp + hygpiwy |

Computer Vision -53 /40
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Homogeneous transformation

B Homogeneous transformation linearity

[hi1A%g + hiuxp + hiAYg + hippyp + hizAzg + hizuzy, + higAwg + hygpwy, ]
H(AA + uB) = hy1Axg + hppixy + hop Ay + hoppyy + hp3Azg + hyzuzy + hypdwg + houiwy,
h31Axq + hapxp + h3p Ay, + haalyy + hazdzg + hazuzy + hygdwg + haauwy,
(N1 AXgq + N3ty + hyp Ay, + happtyy + hyzAzg + hyspzp + hyadwy + hygiwy, |
hi1Axg + hypdy, + hy3dzg + hygdwg + hqquxy, + hpuyp + hyzpzy + hygpuwy ]
HAA + uB) = hp1Axgq + hppdyq + hp3dzg + hopgdwy + hoqpxy + hoo Yy + hosztzp + hospwy,
h31Axq + h3pAYq + h33dzg + hagdwg + haqpxy + haa Yy + hazpzp + haapwy,
(N1 A% + hap AV + hazAzg + hag AWy + hylixy + ha Yy + haziizy + hagiwy, |
Decomposition
(hy1Axgq + hiaAYg + hi3Azg + hiadw, | [hiapxp + haalyp + hizpzy + hyguwy]
HAA + uB) = hy1Axq + hppdye + hp3dzg + hoydw, hyiuxp + hoopyp + hospzy + hysuwy,
h31Axq + h3pAyq + h33dzg + haydw, h3ipuxp + haopyp + hazpzy + haauwy
N1 Axg + hap Ay + hyzAzg + hygdwg | Lhgpixy + ha Yy + haziizy + hagiwy, |

Computer Vision -54 /40
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Homogeneous transformation

B Homogeneous transformation linearity

(hi1Axg + hip Ay, + hy3Az, + hygAw, + hyquxy + hiopyy + hysuzy + hyguwy ]
H(AA + uB) = hp1Axg + hoodyg + ho3Azg + hoyAwg + hyquxy + hoouyy + hosuzy + hoguwy
h31Axgq + h3oAy, + h33Azg + hggAw, + haquxy + haouyy + hasuzy + hyauwy
(W1 Axg + hypAyg + hy3Azg + hygAwy + hyquixy + haouyy + hyspzy + hysiwy |
(hi1/Xq + hip'Yq + hy3'zg + Ay W [heriXy + hiopyp + hyspzy + hygiwy
ho1/xq + hpp/'yg + hp3/Zg + hoy'w houxy + Aoy + hoziizy + hyguwy,
H(AA + uB) = @ ¢ @ “l+ R
( HB) h31/xq + h3z 'y, + h33/'zg + hs'w, hzipxy + haouyp + hazuzy + hyguwy,
|y xg + hgp Vg + hy3/'Zg + hag'wel  Lhyiuixy + hypyy + hyspizy + hagpiwy |
(h11Xq + hi2Ya + hi3Zg + hyawg] (h11Xp + hi2Yp + hy3zp + hygawy]
H(AA + uB) = hy1Xg + h2Yq + hoszg + hoaw, +u ha1Xp + hooYp + ho3zy + hoawy .
h31Xq + 32Ya + N33z + h3awy hz1Xp + h32Yp + hzzzp + haawy Factorization
| hy1Xgq + haoYa + hazzg + hyaw, | Wy Xp + RaoYp + hazzp + hygawy |

Computer Vision -55/40
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Homogeneous transformation

B Homogeneous transformation linearity

(h114%g + RipAYe + hi3Azg + higdw, | [higxp + hapyy + hyspzy, + hygpwy]
hy1Axg + hpadyg + hosdzg + houdw, hy1uxy + hoalkyp + hozuzy, + hpsiwy,
h31Axg + h3pAYg + hazdzg + haadw, h31uxp + haauyy + hasuzy + haauwy,
[hg1Axq + hap Ay, + hyzAzg + hygdwg ]l Lhyuxy + hyopyy + hyspzy, + hyapuwy, |

HAA + uB) =

h11Xp + hi2Yp + hy3zZp + hiawy]
3 h21xb + hzzyb + hzgzb + h24wb
H(AA + pB) = A T hayxp + hazyp + haszp + hagw,

LWy Xp + hypyp + hyszp + hyawp |

HAA+ uB) =A 1.+ uHB <«
Matrix product
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1xq + h12Yq + hi324 + hyawg] (hy1xp + hyoyp + hy3zy + hiawy]
hp1Xq + ho2Ya + ho3zg + houw hy1xp + hooyp + hozzy + hoywy

H(AA + uB) = A[21%a “ “ @]+
( . h31xq + h3y, + h33zg + haaw, . h31xp + h3pyp + h33zp + haawy
g1 Xq + hypYa + haszg + hyawg | g1 Xp + hypyy + hy3zy + hyawp |

HAA + uB) = A1/ + uHB
\ Definition
HAA+uB) =4 + uH (B)
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Homogeneous transformation

B Homogeneous transformation linearity

(hy1xq + h12Yq + hi324 + hyawg] (hy1xp + hyoyp + hy3zy + hiawy]
hp1Xq + ho2Ya + ho3zg + houw hy1xp + hooyp + hozzy + hoywy

H(AA + uB) = A[21%a “ “ @]+
( . h31Xq + h3Y, + h33zg + haawg . h31xp + h3pyp + h33zp + haawy
g1 Xq + hypYa + haszg + hyawg | g1 Xp + hypyy + hy3zy + hyawp |

H(AA + uB) = AHA + uHB

HAA + uB) = AH (A) + uH (B)

Any homogeneous transformation is a
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Homogeneous Transformation

B Which kind of transformation can be represented ?

M Is it possible to use Homogeneous transformations to represents
Euclidean transformations ?

B Is there transformation that can only be computed using
Homogeneous coordinates ?
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Homogeneous Translation

B letX =|x,y,2z w]" be a homogeneous vector. The translation
of X along a vector [a, 5,7,1]", denoted T (a, 8, 7), is such as:

T(a,B,7)(X) =TX
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Homogeneous Translation

B letX =|x,y,2z w]" be a homogeneous vector. The translation
of X along a vector [a, 5,7,1]", denoted T (a, 8, 7), is such as:

T, B,7)X) =TX

Where:

S = O O

==
o R O

4
1
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Homogeneous Translation

B letX =|x,y,2z w]" be a homogeneous vector. The translation
of X along a vector [a, 5,7,1]", denoted T (a, 8, 7), is such as:

1 0 0 allx X+ a

_ _10 1 0 BI(y|_|y+8

T@p ) =1x =0 o =
O 0 O 11lw] w
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z,1]T
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Computing Euclidean translation
B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z,1]T

B The homogeneous translation of X along (a, 8,7):

1 0 0 al[x] [x+q]

01 0 +
T@BN =y o 1 f; /| = §+§

o 0 o 1if1f | 1 |
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Computing Euclidean translation
B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z,1]T

B The homogeneous translation of X along (a, 8,7):

1 0 0 al[x] [x+q]

01 0 +
T@BN =y o 1 f; /| = §+§

o 0 o 1if1f | 1 |

. . x+a y+p z+
B Euclidean representatlon:[x+a,y+/>’,z+y,1]T—>< N ,ylﬁ, 1y>=(x+a,y+ﬁ,z+y)
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Computing Euclidean translation

B Let X = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of X is: X = [x,y,z,1]T

B The homogeneous translation of X along (a, 8,7):

1 0 0 al[x] [x+q]

01 0 +
T@BN =y o 1 f; /| = §+§

o 0 o 1if1f | 1 |

<x+a y+p Z+]/>_

B Euclidean representation: [x+ay +f,z+y,1]" - | ——, ==

!

T(a,B,y)(X) - <
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

[x + aw]

Y =Ty =1x= 77"

w

:% N < ><:
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

] X + aw]
My B _Try = [y AW
W) W

1 0 0 —allx+a]

o |01 0 =Blly+B
T(=a,=B,—y){Y) =T"Y = 0 0 1 —yllz+y
0O 0 0 1I1L w |
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

] X + aw]
y _ _Tyx = |YHBW
W W
1 0 0 —allx+a (x + aw — aw]
o _gy 2|01 0 =B||ly+B|_|y+Bw—pw
T(=a,—B,—-y){Y)=T"Y = 0 0 1 —yllz+y]| |z+yw—yw
0O 00 11L w1 1 w
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

[ X ] x + aw]
_ |y _ _ e |V T BW
X_ 7 'y—T(a,,B,)/)(X)—TX— Z‘l‘yW
a w
1 0 0 —allx+ a (X + — (X |
ey —f — _ gy |01 0 =Bl|y+B|_|y+ - _ |y
0 0 0 11L w | ! w W
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

[ X ] (X + aw]
_ |y _ _ e _ |y T BW
X_ 7 'y—T(a,,B,)/)(X)—TX— Z‘l‘yW
A4 w
1 0 0 —allx+a] (x + — (X ]
P g |01 0 =Bl|ly+p|_|y+ - _|yl_
O 0 0 11L w _ i w (W
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

[x + aw]

Y =Ty =1x= 77"

w

:% N < ><:

T(—a,=B,-V)Y)=T'Y=X
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Homogeneous translation inverse

B Let X and Y be a homogeneous vectors where Y is the result of
the homogeneous translation of X along a vector |a, 8,7, 1]7

(x + aw]

Y=T@pyeo=1x= 77"

w

:§ N < ><:

T(—a, =B, - =TY=X
T(—a,—B,-V)(T(a,B,y)(X)=T'TX =X

A Homogeneous translation 7' (a, ,v) and
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 o 1 0 0 —a]
_O].Oﬁ /_Olo_ﬁ
T_001)/ T_001—)/
0 0 0 1. 0 0 0 1.
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 o 1 0 0 —a]
101 0 B , o 1 0 -p
T_001)/ T_001—)/
0 0 0 1] 0 0 0 1.
1 0 0 «a][1l 0 0 —a]
, o 1.0 pgll0 1 0 -p
TT =
O 01 y(|0 0 1 -—y
0 0 0o 1llo o 0 1.
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 o 1 0 0 —a]
101 0 P , o 1 0 -p
T_001)/ T_001—)/
0 0 0 1. 0 0 0 1.
1 0 0 «a][l 0 0 —a] [1 0 0 —a+a]
|01 0 B0 1 0 —p|_|0 1 0 —p+p
0 01 y[|l0o 0 1 —y 0 0 1 —y+y
0 0 o 1ilo o o 11 lo 0 0 1
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 a] 1 0 0 —a
101 0 B , o1 0 -p
T_001]/ T_001—)/
0 0 0 1. 0 0 0 1.

1 0 0 «a]Jfl 0 0 —a] [1 0 0 —a+a] [1 0 0 O]
|0 1 0 Bf{0 1 0 —g|_|0 1 0 —g+p[_|0 1 0 0|_,,
0 01 yllo 0 1 —y 0 0 1 —-y+y 0 010
0 o 0 1llo o o 11 o o 0o 1 0 0 0 1.
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Homogeneous translation inverse

B Matrix inverse method

1 0 0 o 1 0 0 —a
101 0 B , o1 0 -p
T_001]/ T_001—)/
0 0 0 1. 0 0 0 1.
1 0 0 «a]Jfl 0 0 —a] [1 0 0 —a+a] [1 0 0 O]
|01 0 Blj0 1 0 =B[_|0 1 0 —B+B|_|0 1 0 Of_
0 01 y[|l0o 0 1 —y 0 0 1 —-y+y 0 010
0 o 0 1llo o o 11 o o 0o 1 0 0 0 1.
T’ is the of T
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Homogeneous translation matrix structure

o oo
~3

tq
. H
1 t3

o0 O M
co R o
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Homogeneous translation

B Definition
1 0 0 «f
. lo 1 0 B
T((X,ﬁ,)/)—T— O O 1 ]/
0 0 0 1]

B Properties

B Linear application

1 0 0 —a
: _ _ 0 1 0 -p
. 1 _ =1 _
B Invertible: 77 (e, =T 0 0 1 —y
0 0 0 1.
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Homogeneous axis rotation

B letV =|x,v,z, w]”be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R, (w), is such as:

Ry(w)(V) =R,V

Where:
1 0 0 0]
R — O cosw —sinw O
x 0 sinw cosw O
0 0 0 1]
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Homogeneous axis rotation

B letV =|x,v,z, w]”be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R, (w), is such as:

1 0 0 O1lx

_ 10 cosw —sinw O]y
Rx(@)(V) =RyV = 0 sinw cosw O}z
0 0 0 11w
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Homogeneous axis rotation

B letV =|x,v,z, w]”be a homogeneous vector. The rotation of V
by an angle w around X axis, denoted R, (w), is such as:

1 0 0 O] [x
_ 10 cosw —sinw Of|Y
Ru(@)(V) = RyV = 0 sinw cosw Of|z
10 0 0 11 1w.
X
_|ycosw —zsinw
Rx(0)(V) = ysinw + zcosw
w
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

Computer Vision -86 /40



am UNIVERSITE DE
Computer Vision /| Homogeneous rotation ==TOULON

Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

X
YCOSw — ZSinw

ysinw + zcosw
1

Ry(w)(V) =
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

X
ycosw — zSsinw X YyCOSw — zZSinw ysSinw + Zcosw
. - | =
ysinw + Zcosw 1’ 1 ’ 1
1

Ry(w)(V) =
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

X
ycosw — zSsinw X YyCOSw — zZSinw ysSinw + Zcosw
. - | =
ysinw + Zcosw 1’ 1 ’ 1
1

Ry(w)(V) =

— (x,ycosw — zsinw,ysinw + z cos w)
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

X
ycosw — zSsinw X YyCOSw — zZSinw ysSinw + Zcosw
. - | =
ysinw + Zcosw 1’ 1 ’ 1

Ry(w)(V) =

= ( )
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R — 0 cosw —sinw 0 R — 0 cos(—w) —sin(—w) 0
* [0 sinw cosw O * 10 sin(~w) cos(—w) O
10 0 0 1. L0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R — 0 cosw —sinw 0 R — 0 —sin(—w) 0 __
* |10 sinw cosw O * [0 sin(~w) 0
0 0 0 1. 10 0 0 1.

cos(—w) = cos w

1 0 0 0
, |0 —sin(—w) 0

Rx = 0 sin(—w) ol
0 0 0 1
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 R — 0 COS W 0 __
* 10 sinw cosw O 10 COS W 0
10 0 0 1] 0 0 0 1]
sin(—w) = —sinw

1 0 0 0]

, 0 cosw 0

Rx = 0 cosw 0

0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]

R. — 0O cosw —sinw O R, — 0 cosw sinw O
* |0 sinw cosw O * |0 —sinw cosw O
0 0 0 1. 10 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R, be the matrix of the homogeneous rotation R, (—w)

R, = R, = = R}

= o o O

OO M
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* |0 sinw cosw O * |0 —sinw cosw O
10 0 0 1] 10 0 0 1.
1 0 0 011 0 0 0]
R.RT = 0O cosw —sinw O0]]0 cosw sinw O
X 10 sinw  cosw 0|0 —sinw cosw O
10 0 0 1110 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * 10 —sinw cosw 0
0 0 0 1] 10 0 0 1]
1 0 0 011 0 0 0]
R.RT = 0O cosw —sinw O0]]0 cosw sinw O
X 10 sinw  cosw  0f|0 —sinw cosw O
10 0 0 1110 0 0 1]
1 0 0 0]
R.RT = |0 cos? w + sin® w coswsinw —coswsinw 0
XX 10 sinw cosw — cos w sin w sin® w + cos? w 0
0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * 10 —sinw cosw 0
10 0 0 1] 0 0 0 1]
1 0 0 0]
R.RT = 0 coswsinw —coswsinw 0 __
XX 10 sinw cosw — cos w sin w 0
0 0 0 1] . 5 5
sin“w + cos“w =1
1 0 0 0]
R.RT = 0 coswsinw —coswsinw 0 -
XX 10 sinw cosw — cos w sin w 0
0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
x 0 sinw cosw O x 0 —sinw cosw 0
0 0 0 1] 0 0 0 1]
1 0 0 0]
T+ _ 10 1 0] _
RaRx = 0 1 0
0 0 0 1.
(1 0 0 O]
T _10 1 0 <
ReRx = 0 1 0
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O x 0 —sinw cosw 0
10 0 0 1. 0 0 0 1.
1 0 0 O]
+ 101 0 0] _
R, R, = 00 1 0 =1ID
0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation R, (w) and let
R. be the matrix of the homogeneous rotation R, (—w)

1 0 0 0] 1 0 0 0]
R. — 0 cosw —sinw 0 RT — 0 cosw sinw 0
* 10 sinw cosw O * |10 —sinw cosw O
10 0 0 1. 0 0 0 1
1 0 0 O]
- lo 1 0 o
R,R, = 00 1 0 =1ID
0 0 0 1
A Homogeneous X axis rotation R, (w) and
R, (—w) Moreover,
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Homogeneous axis rotation

B letV =|x,v,z, w]" be a homogeneous vector. The rotation of
V by an angle @ around Y axis, denoted R,,(¢), is such as:

:Ry ((P) V) = Ryv

Where:
' cosgp 0 sinp 0O
R — 0 1 0 0
Y |—=sing 0 cos¢g O
0 0 0 1.
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Homogeneous axis rotation

B letV =|x,v,z, w]" be a homogeneous vector. The rotation of
V by an angle @ around Y axis, denoted R,,(¢), is such as:

" cosep 0 sing O][x

1 0o 1 o olly
Ry@)(V) =R,V = —sing 0 cosgp Oz
0 0 0 111w
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Homogeneous axis rotation

B letV =|x,v,z, w]" be a homogeneous vector. The rotation of
V by an angle @ around Y axis, denoted R,,(¢), is such as:

" cosep 0 sing O][x
]l 0 1 o olly
Ry@)(V) =R,V = —sing 0 cosgp Oz
0 0 0 11 1LwW_
(X COS @ + zSin @]
_ y
Ry@)(V) Z COS @ — x sin ¢
w
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.
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Computing Euclidean axis rotation

B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of 1V around Y axis by an angle ¢:

(X COS @ + zsin @]

_ y
Ryl)(V) = ZCoS@ — x sin @

1
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

(X COS @ + z sin @]

XCcos@+zsing y Zcos<p—xsin<p>

— y Z
Ryl@)(V) ZCOS@ — xsin @ _)< 1 "1’ 1

1
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

(X COS @ + z sin @]

XCcos@+zsing y Zcos<p—xsin<p>

— y Z
Ryl@)(V) ZCOS@ — xsin @ _)< 1 "1’ 1

1

— (xcos@ +zsing,y,zcos@ — xsin @)
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Computing Euclidean axis rotation
B LetV = (x,y,z) be avector within 3D Euclidean space.

B Homogeneous representation of Vis: V = [x,y,z,1]"

B Homogeneous rotation of V around X axis by an angle w:

(X COS @ + z sin @]

XCcos@+zsing y Zcos<p—xsin<p>

— y Z
Ryl@)(V) ZCoS @ — x sin @ _)< 1 "1’ 1

= ( )
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

" cosqp 0 sing O] [ cos(—p) 0 sin(—¢@) 0]

Rl 0 1 0 o |0 1 0 0
Y |—sing 0 cosep O Y |=sin(=¢) 0 cos(—¢) 0
0 0 0 1] i 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

" cosqp 0 sing O] i 0 sin(—¢) 0]
R.=| 0 1 0 0 R — 0 1 0 of _
Y |—sing 0 cosep O Y |=sin(—=¢) 0 0
0 0 0 1] i 0 0 0 1.
cos(—w) = cos w
0 sin(—¢) 0]
' 0 1 0 0
Ry = —sin(—¢) 0 0 -
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

[ cosp 0 sing O] COS @ 0 0]
Rl 0 1 0 o R | 0 1 of_
Y |—sing 0 cosep O Y 0 <cose O
0 0 0 11 0 0 0 1.
sin(—w) = —sinw

cosg O 0]

: 0 1 0

Ry = 0 cosep O

0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

[ cosg 0 sing O] ‘cosp 0 —singp O

R — 0 1 0 0 R — 0 1 0 0
Y |—sing 0 cosep O Y Isingp 0 cosep O
0 0 0 1. | 0 0 0 1
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
R}, be the matrix of the homogeneous rotation R, (—¢)

= R!

R, = R}, = 7

y

~oo9

oS O -k O
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] (cosp 0 —sing O]

R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosgp O
0 0 0 1. | 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] (cosp 0 —sing O]
Rl 0 1 0 o0 rT_| 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosgp O
0 0 0 1. | 0 0 0 1.
[ cosgp 0 sing O]Jcosp 0 -—sing O]
R.RT = 0 1 0 0 0 1 0 0
YV |—singp 0 cose O||sing 0 cose O
0 0 0 1. 0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] (cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosgp O
0 0 0 11 L 0 0 0 11
[ cosgp 0 sing O]Jcosp 0 -—sing O]
R.RT = 0 1 0 0 0 1 0 0
YV |—singp 0 cose O||sing 0 cose O
0 0 0 1L 0 0 0 1.
cos? @ + sin? @ 0 —cos@sing +singcose O]
R RT — 0 1 0 0
oy —singcos@ +cospsing 0 cos? ¢ + sin? @ 0
0 0 0 14
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] [cosp 0 —sing O
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosgp O
0 0 0 11 L 0 0 0 1
0 —cosgsing +singcose O]
oy —singpcos@ +cospsing O 0
0 0 0 11 . o 5
sin“w + cos“w =1
0 —cosepsing +sinpcosp 0]
T _ 0 1 0 0
RyRy = —singpcos@ + cosgsing 0 ol ©
0 0 0 11
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosp O
0 0 0 11 L 0 0 0 11
1 0 0]
T 0 1 0 0] __
RyRy = 0 1 0
0 0 0 11
1 0 0]
T_10 1 0 0Of,
RyRy = 0 1 0
0 0 0 1]
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] cosp 0 —sing O]
R — 0 1 0 0 RT — 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosp O
0 0 0 1. | 0 0 0 1.

(1 0 0 O]

+_10 1 0 O0f_
RyRy = 00 1 0 =1ID
0 0 0 1.
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Homogeneous rotation inverse

B Let R, be the matrix of the homogeneous rotation Ry(go) and let
RjT, be the matrix of the homogeneous rotation R,,(—¢)

[ cosg 0 sing O] cosp 0 —sing O]
R | 0 1 0 o0 rr_| 0 1 0 0
Y |—sing 0 cosep O Y Ising 0 cosp O
0 0 0 1] . 0 0 0 1.
1 0 0 O]
- lo 1 0 o _
RyRy = 00 1 0 = 1D
0 0 0 1.
A Homogeneous Y axis rotation R, (¢) and
Ry (=) Moreover,
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Homogeneous axis rotation

B letV =|x,v,z, w]”be a homogeneous vector. The rotation of V
by an angle k around Z axis, denoted R, (k), is such as:

RZ(K) (V) = R,V

Where:
cosk —sink 0 O
R — sink cosk 0 O
d 0 0 1 0
0 0 0 1
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Homogeneous axis rotation

B Transform Matrices

1 0 0 0] cosp 0 sing O] ‘cosk —sink 0 O

R. — 0 cosw —sinw 0 R — 0 1 0 0 R. — sink cosk 0 O

* |0 sinw cosw O Y |—singp 0 cosg O z 0 0 1 0

10 0 0 1. 0 0 0 1. 0 0 0 1

B Inverse transform matrices

1 0 0 0] [cosp 0 —sing O] [ cosgp sink 0 O]
1 _»7T_10 cosw sinw O 1 _»7_1 0 1 0 0 1 _ 5T _|—sink cosk 0 O
Ry =Rx=1) sinw cosw o] B =Ry = sing 0 cosgp O R, =Rz = 0 0 1 0
10 0 0 1. .0 0 0 1. 0 0 0 1]
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Homogeneous rotation

B The rotation of angles w, ¢, k respectively around X,Y and Z
axis, denoted Ry, (w, @, k), is such as:

Ryyz(w, 9, k) = R;R R,
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Homogeneous rotation

B The rotation of angles w, ¢, k respectively around X,Y and Z
axis, denoted Ry, (w, @, k), is such as:

Ryyz(w, 9, k) = R;R R,

‘cosk —sink 0 O][ cosp 0 sing O0][1 0 0 0]

R.R.R. — sink cosk O O 0 1 0 01|10 cosw —sinw 0
2y 0 0 1 O0||—sing 0 cose O0||0 sinw cosw O
L 0 0 0 1. 0 0 0 11 L0 0 0 1.
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Homogeneous rotation

B The rotation of angles w, ¢, k respectively around X,Y and Z
axis, denoted Ry, (w, @, k), is such as:

Ryyz(w, 9, k) = R;R R,

‘cosk —sink 0 O][ cosp 0 sing O0][1 0 0 0]
R.R.R. — sink cosk 0 O 0 1 0 0||0 cosw —sinw 0
2y 0 0 1 O0||—sing 0 cose O0||0 sinw cosw O
0 0 0 1] 0 0 0 1110 0 0 1]
(cosk —sink 0 O]] cosg singsinw singcosw 0]
R.R.R. — sink cosk 0 O 0 COS w — sin w 0
ZryTx 0 0 1 0||—sing cos@sinw cos@pcosw O
0 0 0 1. 0 0 0 1]
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Homogeneous rotation

B The rotation of angles w, ¢, k respectively around X,Y and Z
axis, denoted Ry, (w, @, k), is such as:

Ryyz(w, 9, k) = R;R R,

‘cosk —sink 0 O][ cosg singsinw 0 0]
R,R Ry = sink cosk 0 O O cos w —sinw 0
0 0 1 O||—sing cos@sinw cospcosw O
0 0 0 1. 0 0 0 11
[COSKCOS@ COSKSIn@sinw —sSinkcosw Ccosksingcosw + sinksinw 0]
R,R R, = sin K .cos @ sinksin@ sin w + COSKCOSw Sinksin@cosw —cosksinw 0
—sin@ COS @ Sin w COS ( COS W 0
0 0 0 11
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Homogeneous transform combination

B Homogeneous transforms combination is obtained by
multiplying corresponding matrices.

B Definition: Let F4, ..., F,, be transforms respectively represented by
homogeneous 4 X 4 matrices F4, ..., F,,. The resulting
from the composition of F; transforms, definedby G = F; 0o ---0 F,, is
represented by the G matrix such as:
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Rigid-body transformation

B Definition: A B that combine
translations and rotations is represented by a matrix B such as:

i | [r1 12 71z ]

B — R T|_|T21 T2 Tz U2

31 131 133 I3

0 0 0 1. 0 0 0 1]
11 Tz T13] 11
with R=1|T21 T2z T23| and T = |3
31 131 133 L3
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Rigid-body inverse transformation

B Definition: The of a rigid body transformation B is a
rigid body transformation B~ that is represented by a matrix
B! such as:

R™1 —R™7IT RT —RTT

L0 0 O 1 1 L0 0 O 1

with B =

L0 0 0 1.
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Representing Transforms

Translation Linear

731 31 SzIz3z U3
Scale (uniform) L 0 0 0 1. Linear

| Distances | Angles
Rotation SxT11 - T12 13 t1] Linear
) 4

Scale Linear
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"1 Tz T3 4 r1 Tig  Ti3 ty 1 T2 T31

B=|T21 T2z 723 t2 R=1|"1 T2 T3 T = |t, RT =|"2 T2 T32
31 T31 T33 U3 31 T3g Ti3 ts T3 T3 133
| 0 0 0 1.

11 121 131 [~T11l1 — 11ty — T31t3
—R'T = |12 Toa T32||—Ti2ts — 1oty — I35t3
13 123 133 L—Ty3t1 — 13ty — 13383

11 Y21 131 —Tiity — Toaty — 131t3]
p-1 = |"12 T2z 732 ~Tizly — 72282 = T32l3
3 T3 T33 —Ti3tp —Ta3ly; —T33l3
0 0 0 1
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r1V1 + r12V; + r13V3 + tl

1 V1 + T22V> + 33V3 -+ tz

3171 + 32U- + r33VU3 + t3
1

V' =

1 Tiz Tz U] + 11202 11303 + t1) + 11210101 + 100V, + 13303 ;) + 11313101 + 1320, + T33v3 + ) + t]

31 T31 133 {3
0 0 0 1 0

[111711V1 T T11T12V2 T 111T713V3 + 11t T 1701V + TipT02V, + 113303 + Typty + 113731 V1 + 13732V, + 1q3T33V3 + Ty3ts + ]
Bl =
| 0 i

[111711V1 T 112721 V1 T 13731V + 11712V + 112102V + 113132V + 171743V3 + T13733V3 + 1113303 + E171qq + t + 1t + 133
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v]_ _7‘11171 + 7‘121)2 + 7‘13173 + tl-
v=|Y2| By=|T21V1 T T22V2 T 13303 T L _ yp
U3 T31V1 + T3V, +T33V3 + 14
1] i 1 |

"1 T21 T31 —Ti1ly — To1ly — 13113

g-1— |2 T2z T3z ~Tizly = Taalz = 13213

3 T3 133 —Ti3ly — 13ty — 133l
0 0 0 1

L0 0 0 11L 0 0O 0 1.
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11 Ti2 T3 U
B=|T21 T22 T23 Ly

31 131 133 U3
0 0 0 1]

Computer Vision -136 /40



cCo O R

cCoOo O R

o O -k O

S O RO

o = O O

o = O O

3—\‘<‘%Ql

Ir—\"<‘®$2|

kx, +jxp ]
kya + jyp
kZa +ij

kw, + jwy ]

kx, + jx, + alk + )T

kya +jyp + B(k +j)
kzg +jzp +y(k + )
kw, + jw,

(kx, + jxp ]
kYo + jyp
kZa +ij

Lkw, + jwy ]

kZa +]/k +ij +)/_]
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KYa + Bk +jyp + BJ

o O R

cCo O R
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o = O O

3—\‘<‘%QI
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kx, + ak]
ky, + Bk

kx, +jxp ]
kya +jyp
kZa +ij

kw, + jwy ]

kz, + jz, +yk +yj
kw, + jw,

(kx, + jxp ]
kKYa + jYp
kZa +ij

Lkw, + jwy

Jjyp + BJj
Jzp +vJj
JWp

kz, +yk|T

kw,
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kx, + jxp + ak + aj
KYa +Jjyp + Bk + Bj

Jxp + aj]
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kx, +jxp ]
kYa + jYyb
kz, + jz,
kw, + jwy ]
1 0 0 a] [xatal [jxp+a
0 1.0 B ,[VatP +jjyb+ﬁ
0 0 1 y Zg TV jzp +y
O 0 0 1. Wqa Wp
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1 0 0 0111 0 0 0] 1 0 0 0]
R.RT — 0 cosw —sinw 0|0 cosw sinw Of_|0 cosw sinw O
10 sinw cosw 0]]0 —sinw cosw O 0 —sinw cosw O
10 0 0 1110 0 0 1. 10 0 0 1.
1 0 0 0]
O cosw sinw O
0 —sinw cosw O
10 0 0 1.
1 0 0 0] [1 0 0 0]
0 cosw —sinw 0 0 cos? w + sin? w coswsinw —coswsinw 0
0 sinw cosw O 0 sinwcosw — cosw Sinw sin? w + cos? w 0
0 0 0 11 10 0 0 1.
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"1 Tz Tz U] [X (711X + 112y + 1132 + E W]

21 Taz T2z L|| V| _ |T21X T+ 12y + 1232 + LW

31 T31 Taz t3||Z|  |r31x + 132y + 1332 + tzw

| 0 0 0 1lfw]l 1| w

1 Tz Tz O[T 0 0 &) [rin T2 Tz Tiats + 711ty + 1ri3ts)
21 Taz Tz 0|0 1 0 & _|T21 T2z T2z Taaly +7opts + T3t
131 131 133 0110 0 1 ¢ 31 T3z T33 T31ly + 7328 + 13383
0 0 O 1410 0 O 1. | 0 0 0 1

0 t1][r11 712 T3
0 ty||121 T2z T23

31 T31 7133
0O 11LO 0 0

S O O M
O O = O
-

5
moog

0O 0 0 1.
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‘cosk —sink 0 O][] cos¢p singsinw 0 0]
R.R.R. — sink cosk 0 O 0 COS W — sin w 0
2ryex 0 0 1 0||—sing cosesinw cos@cosw O
0 0 0 1] 0 0 0 11
‘cosk —sink 0 O0][coskcose cosksing sinw —sink cos w sin K sin w 0]
R.R.R. — sink cosk 0 Of]sinkcose sinksingsinw + CosSk Ccosw —sink sinw 0
ZryTx 0 0 1 0| —sing COS @ sin w coskcos@cosw O
0 0 0 1] 0 0 0 11
[COSKCOS® Singsinw 0 0]
0 COS W —sinw 0
R,R R, =
ZryTx —sing  cos@sinw cospcosw O
0 0 0 11
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1 0 0 0]

0 COS W —sinw 0

0 sin w cosw 0

0 0 0 1]
[ cosp 0 sing O][] cosg singsinw singcosw 0]
R.R.R. = 0 1 0 0 0 COS W —sinw 0
277X f—sing 0 cosep Of|—sing cosgsinw cos@cosw 0
0 0 0 11 0 0 0 11

(x,y,z,w) = (2x,2y,2z,2w)

(x,y,z,w) = (x/w,y/w,z/w,1) (x,y,z,w) = (ax,ay,az,aw),a € R

(x,y,z,w)=1/x,1/y,1/z,1/w)
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[COSKCOS@ COSKSIn@sSinw —Sinkcosw CoSKSin@cosw +sinksinw 0
sinkcos¢@ sinksin@sinw + cCOSKCoOsSw Sinksin@ cosw —cosksinw 0
0
1

R;RyRy = _ _
—sin @ COS @ Sin w COS ( COS W
i 0 0 0 |

[ CcosQ sin @ sin w singcosw O]

0 COS W —sSin w 0

—sin @ COS @ Sin w cospcosw 0

! 0 0 0 1.
‘cosk —sink 0 O0]Jcoskcos@ cosksin@sinw —SinKCcosw COSKSin@cosw + sinksinw 0]
sink cosk 0 Of]|sinkcosg sinksin@sinw + CoOSKCOSw SinksSin@ cosw —cosksinw 0
0 0 1 O —sin@ COS @ Sin w COS ( COS W 0
. 0 0 0 1i1L 0 0 0 11
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